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Abstract

Fermionic T-duality is the generalisation to superspace of bosonic T-duality (i.e. to include
fermionic degrees of freedom). Originally, T-duality described the equivalence relation between
two physical theories, each living on a different background. However, this thesis is concerned
with fermionic T-duality and its role in self-duality. The goal is to determine whether AdS
backgrounds with less than maximal supersymmetry are self-dual. A background is said to be
self-dual if, after a specific sequence of bosonic and fermionic T-duality transformations, the
original background is recovered. Self-dual backgrounds are of great interest due to their link
to integrability. Fermionic T-duality has played a pivotal role in proving that the maximally
supersymmetric background AdSs x S° is self-dual. This background is also known to be in-
tegrable, therefore, when it was shown to be self-dual, the hypothesis that self-duality implied
integrability, and vice-versa, was born. We investigate how far this hypothesis may be stretched
for a number of AdS backgrounds, for which integrability has already been determined. The
following backgrounds were considered: AdSsx S?x T and AdSyx S%xT(10=34) (d = 2,3). This
question of self-duality was approached in two ways. In the first approach we show that these
less supersymmetric backgrounds are self-dual by working with the supergravity fields and using
the fermionic Buscher procedure derived by Berkovits and Maldacena. In the second approach,
we verify the self-duality of Green-Schwarz supercoset o-models on AdS; x S (d = 2,3) back-
grounds. Furthermore, we prove the self-duality of AdSs x S° without gauge fixing x-symmetry.
We show that self-duality is a property which holds for the exceptional backgrounds, where the
need to T-dualise along one of the spheres arises, again. Nature is not supersymmetric, therefore
learning how to do physics in AdSs x S® is not enough. In order to understand theories like
Quantum Chromodynamics, we need to systematically break the supersymmetry present in our
toy models. In this regard, it is easy to appreciate the significance of studying backgrounds with

less than maximal supersymmetry.
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Part 1

Introduction and Overview



Introduction

String theory is the leading candidate for a theory which unifies gravity and quantum mechanics,
the research efforts in this exciting field of physics have been remarkable. String theory has
undergone enormous developments to arrive at the current paradigm - where symmetries play
an even larger role in our understanding of string theory [1]. As a result of this intensive
development, the field has exploded in a number of directions. Consequently, it has become
virtually impossible to keep up to date with all the streams of research being explored. This is
both very exciting and hugely daunting, especially for newcomers. That so many young scientists
still enter this field, despite the steep learning curve, speaks volumes about the enticing problems

that still need to be considered and solved.

During the mid-nineties string dualities suddenly formed the basis of serious study. Finally, there
was a general understanding of the importance of these types of symmetries. Duality symmetries
do not manifest themselves perturbatively in the weak coupling expansion of string theory,
the context in which string theory has mostly been probed, instead they give us information
about the exact string theory which is more complicated to study [1]. As a major driving
force in string theory, the uncovering of non-perturbative duality symmetries, asks whether it is
possible to study non-perturbative physics using perturbative techniques - a core tenet of the new
paradigm. Hence, it is not too surprising that string dualities remained hidden for so long. After
gaining access to strong coupling aspects through the use of mathematical tools associated with
string duality, it became clear that the relationship between weak and strong coupling would be
important. What could strong coupling teach us about weak coupling? Interest turned towards
the idea of weak/strong duality. In string theory this means that as the string coupling g
becomes large we are able to find new dual degrees of freedom whose fluctuations become small.
That is, they are described by a new coupling ¢, ~ 1/gs . String theory includes gauge theory,
hence we need to consider a further point: weak/strong duality in the gauge theory is a necessary
(but not sufficient) condition to ensure that weak/strong duality exists in the string theory [1].
Progress was made when Hull, Townsend and independently Witten [2—4] proposed an almost
complete set of duals to all string theories possessing at least N' = 4 supersymmetry. Suddenly,
the idea of duality had been elevated to a general principle which could be applied to all string
theories in any number of dimensions where previously, the idea of duality was only an isolated set

of conjectures. These results led to the increasing prominence of weak/strong coupling duality.



String dualities now play a central role in modern string theory research [2,4-6]. Since the term
duality is used in many contexts throughout various fields in physics, it is necessary to clarify
what we mean by it here. A duality is a map, which is often invertible!, between two theories
which sends states in one theory to states in the other theory. At the same time, interactions,
amplitudes, and global symmetries are usually preserved [7]. The two theories that are found to
be dual may be thought of as being physically equivalent. Dualities are particularly important
as they are used to map difficult problems into simpler ones, which we may have more chance
of solving. Initially, five consistent superstring theories in 10-dimensions were known. These
were the type I, two type II, and two heterotic string theories. Additionally, there is also an
11-dimensional theory known as M-theory. The different string theories are distinguished from
each other by the number (and kind) of supersymmetries and also by the various worldsheet
topologies permitted (i.e. oriented versus unoriented). Although the five string theories appear
to be very different when dealt with in the weak-coupling regime, we now know that they are all
related to each other by one of the known string dualities. The connection between the different

theories is known as the ‘web of string dualities’, as seen in Figure 1.
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Figure 1: The web of string dualities [8] where Type I string theory is related to type II string
theory via a bosonic T-duality.

In this thesis, our focus is on one particular string duality called T-duality and its many facets.
In general, it relates two theories with different spacetime geometries. The two theories are
considered to be equivalent in the sense that all observable quantities in one description are
identified with observable quantities in the dual description. T-duality differs from other du-

alities in that it does not mention the exchange between weak and strong coupling of the two

! As is the case for Abelian T-duality, however, this is not true for non-Abelian T-duality



dual theories. However, the AdS/CFT correspondence which was discovered two decades ago,
is a duality which precisely deals with the weak/strong coupling concept described earlier. The
AdS/CFT correspondence (or gauge/gravity du- ality) relates a quantum field theory and grav-
ity. For example, this correspondence is well understood in the case of the equivalence between
N = 4 super Yang-Mills and type IIB strings on AdSs x S® [6]. Put another way, the correspon-
dence relates the quantum physics of strongly correlated many-body systems to the classical

dynamics of gravity in one dimension higher [9].

In this context, type IIA and type IIB string theories are related by bosonic T-duality, the
two being exchanged with each other under this duality transformation. The same is true
for the two heterotic string theories, Eg x Eg and SO(32). A central idea in string theory,
concerning dualities, is that the strongly coupled limit of any string theory is equivalent to the
weakly coupled limit of some other string theory [1]. All the connections between various string
theories embody this principle. It must be noted that Figure 1 is an oversimplification because
the different limits are characterized by more than just different string theories, but also by the

different topologies of the various compact dimensions [1].

T-duality is one of the oldest and simplest examples of a string duality [10], being a manifestation
of the extended nature of strings. T-duality takes a non-linear o-model (which may be described
by the Polyakov action) with a target space possessing an isometry and, through the application
of the Buscher procedure [11-13], returns a T-dual o-model, after gauging the isometry and
integrating out the gauge fields. This worldsheet approach? to deriving T-duality in string
theory, via the Buscher procedure, is now standard practice. T-duality was discovered as a
symmetry of the effective potential in the compactification associated with radial inversion
symmetry: R > /R, where R is the radius of compactification on the spacetime [17,18].
The Buscher procedure was initially applied to Abelian isometries, but further studies made it

possible to extend the application to non-Abelian isometries and fermionic isometries [19-22,84].

Indeed it is the fermionic generalisation that we are concerned with in this thesis. Motivation
for fermionic T-duality arose when hidden symmetries, not manifest in the Lagrangian, were
discovered in the scattering amplitudes of supersymmetric theories [23]. Soon after this, a

3 scattering amplitudes and Wilson loops in N' = 4

remarkable connection between planar
super Yang-Mills was found [26-28], see [29] for a review. The most widely studied example
of the AdS/CFT correspondence [6] is 4-dimensional N' = 4 super Yang-Mills and type IIB
superstring theory on AdSs x S°. The planar limit of super Yang-Mills theory corresponds
to the classical limit in string theory. The scattering amplitudes are described in terms of
scalar one-loop integrals where, in the planar limit, contributing integrals reveal an interesting

property. That is, when they are exchanged for their dual graphs they appear to exhibit a

2Originally worldsheet techniques [14,15] had dominated the scene. Currently the trend is toward the spacetime
approach taking over [16].

3The planar limit [24], for which the t'Hooft coupling A = g2 N is held fixed, is the case where only planar
diagrams survive [25]. This occurs because the genus expansion in terms of Feynman diagrams corresponds to
the 1/N expansion.



novel, non-trivial conformal symmetry, called dual conformal symmetry [30,31]. Originally, this
symmetry showed up in the perturbative computations explored in [32], though soon afterwards
dual conformal symmetry was found in next to next to maximally-felicity-violating (next to

MHYV) amplitudes [31], where it was then extended to full dual superconformal symmetry.

Ordinary conformal symmetry in the T-dual model is the dual conformal symmetry in the
original model. To make sense of their relationship we note that dual conformal symmetry of
scattering amplitudes in the gauge theory acts on momenta in much the same way as ordinary
conformal symmetry acts on coordinates in the dual model. Simultaneously, it associates to each
scattering amplitude a string worldsheet in a dual AdS space [33-35]. Berkovits and Maldacena
showed that dual superconformal symmetry may be understood using a T-duality symmetry of
the full superstring theory on AdSs x S°. The T-duality involves ordinary bosonic T-dualities
(considered in [26]) and a novel set of fermionic T-dualities. Application of these symmetries

returned a background equivalent to AdS5 x S°. This resultant background was termed self-dual.

Fermionic T-duality generates new solutions via the identification of commuting fermionic isom-
etry directions built from Killing spinors [22]. We may attribute to the existence of dual super-
conformal symmetry, the self-duality of the superstring o-model under a sequence of T-duality
transformations [36]. These transformations are of the bosonic and fermionic string modes on
the worldsheet corresponding to some commuting isometries of AdS5 x S5, see [21,22] for details.
Simultaneously, self-duality arises as a result of the combined bosonic and fermionic T-dualities
not changing the form or values of the background fields on AdSs x S°, such as the dilaton and
the Ramond-Ramond flux [23]. The dilaton and metric tensor make up the NSNS (Neveau-
Schwarz-Neveau-Schwarz) sector in the RNS (Ramond-Neveau-Schwarz) formalism of type II
supergravity. The dilaton is a scalar field related to the string coupling g5 . The RR sector
is made up of the Ramond-Ramond fields, which are differential forms, that act as the higher
dimen- sional generalizations of the fields in Maxwells electromagnetism. Fermionic T-duality,
dual superconformal symmetry and their relationship to each other have been broadly studied
in the context of the maximally supersymmetric AdSs x S° background [21-23]. Therefore,
this example is well understood. On the other hand, the fermionic T-duality of o-models for
superstrings on integrable? AdS backgrounds possessing less than maximal supersymmetry is
much less understood. Therefore, we are concerned with extending the understanding of this

idea to examples possessing less supersymmetry.

The readers first question may well be: Why would one study the less than maximally supersym-
metric backgrounds? Furthermore, what could we learn? What we know is that the AdS/CFT
correspondence for AdSs/CFT, with AdSs x S° has been studied in great detail. Much has
been learned as a result and shortly after AdS/CFT was discovered ideas started drifting to-
ward unfamiliar territory with regards to this duality [42]. This created a platform for testing

the generality of this idea. To test generality, a good question is: If we know the results for

4As mentioned in the footnote found in [36], the classical integrability of superstrings in AdS backgrounds has
been studied in [37-41].



maximal supersymmetry, then what can we infer for less supersymmetry? Do we have reason
to believe that what we have observed so far, will hold for less than maximally supersymmetric
cases? Following this logic, it makes sense to choose a background with less supersymmetry, but
perhaps with as little supersymmetry broken as possible. Such a next-to-maximally supersym-
metric background would be AdS; x CP? associated with N = 6 Cherns-Simons (ABJM).

As for the case of N' = 4 super Yang-mills, integrability features in ABJM in the planar limit
[42-44] and in string theory on AdSy x CP3 [38,45-47]. There is also an overwhelming amount
of evidence provided by perturbative calculations, that amplitude/Wilson loop duality and dual
superconformal symmetry are present for the AdS,/CFT; partnership. It is remarkable that
such similarity between AdS5/CFTy and AdS,/CFTs cases exist and it is for this reason that
string theorists were led to hope that a self-dual mapping of the geometry AdS,; x CP? under
bosonic and fermionic T-duality would account for the observed perturbative symmetries of
the ABJM theory. We have hope because AdSs x S° is self-dual under these exact T-duality
transformations. Unfortunately, all attempts to prove self-duality under bosonic and fermionic
T-duality have failed. Failed, despite the important ingredients like integrability remaining
intact. We would like to work out part of the puzzle that is: Why this failure? To this end we
test the self-duality of backgrounds which are integrable (like AdSy x CP? and AdSs x S°) but
possess less supersymmetry (like AdSy; x CP3).

Whether or not self-duality is present in the backgrounds considered herein, we will be one
step closer to understanding the issues surrounding AdS; x CP3. Furthermore, we know that
for AdSs x S°, T-self-duality appears to be a predictor of integrability. This is a brilliantly
useful relationship as self-duality is much simpler to demonstrate than integrability. Therein,
we find more motivation to study AdSy x CP3. Will this predictor of integrability be completely
ruled out? An interesting question indeed! Therefore, we take it upon ourselves to see how
far the relation (self-duality — integrability) extends by considering backgrounds with less
than maximal supersymmetry. In summary: Does less supersymmetry account for the failure of

AdS; x CP3 being self-dual?



Overview of Thesis

This thesis is divided into three Parts and further into Chapters. Part I: Introduction and
Overview contains the general introduction to the whole thesis, as well as Chapter 1 and
Chapter 2 which contain the essential mathematical framework required to understand the
work which follows. Part II: Fermionic T-duality of Non-maximally Supersymmetric
Backgrounds contains the body of original work created as part of two collaborations. The
first team is based at the The Laboratory for Quantum Gravity & Strings at the University of
Cape Town.

Chapter 1 provides an introduction to bosonic T-duality. We discuss some historical features to
provide context and then go on to derive the Buscher rules. Two cases are examined: the original
Abelian T-duality and its generalisation to non-Abelian isometries. We also consider generalised

geometry and the O(D, D) group which encompasses Abelian T-duality transformations.

Chapter 2 introduces fermionic T-duality, the fermionic generalisation of ordinary T-duality.
It is this idea which forms the basis of this thesis. We discuss its properties, its differences
compared to ordinary T-duality and then go on to derive the Buscher procedure for fermionic

isometries. A general prescription for carrying out this procedure is also given.

Chapter 3 considers the self-duality of the backgrounds AdSs x S? x T® and AdS,; x Si x 8% x
T34 for d = 2,3. We use the Buscher procedure and work at the level of the supergravity
fields to show self-duality. This approach is very useful for seeing how the Ramond-Ramond
fields transform explicitly. After studying particular cases we end with a general argument which
pulls the ideas in this chapter together. We start in type IIA string theory, although we can
easily arrive at a type IIB theory through a bosonic T-duality.

Chapter 4 deals with supercoset o-models. We verify the self-duality of such models on AdS,; X
S? backgrounds for d = 5 under combined bosonic and fermionic T-dualities without fixing &-

symmetry gauge.

Chapter 5 We prove that the exceptional backgrounds AdS; x Si x 8% for d = 2,3 are self-dual.
This approach is to be contrasted with the methods in Chapter 3.
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Chapter 1

Introductory Bosonic T-duality

1.1 Introduction

The string theories that we are interested in studying are described by non-linear o-models.
These tell us how to embed a 2-dimensional manifold into a target spacetime, the goal being
to embed the manifold into a spacetime of physical interest. This 2-dimensional manifold is
called the worldsheet which is the natural generalization of the worldline for a particle. The
worldsheet is the minimal surface interpolating between the given initial and final configurations
of the string. The 1-dimensional extended nature of the string has some interesting consequences.
In particular, we are interested in the unique duality symmetry called target space duality, or
just T-duality !. Duality symmetries provide a one-to-one correspondence (or map) between
two different systems. This map furnishes a dictionary which allows us to translate between
the two theories in a precise way. Often, through this dictionary we are able to map difficult
problems into easy ones, and vice versa 2. This chapter deals with bosonic T-duality which is
the original form of this duality symmetry. Interest in bosonic T-duality has been revived due to
the discovery of its cousin, fermionic T-duality [48], to be explored in the following chapter. The
bosonic Neveu-Schwarz (NS) sector is the massless sector common to all types of string theory.
It contains a symmetric 2-form tensor field G called the metric, an antisymmetric 2-form tensor
field B called the Kalb-Ramond field and the scalar field ® called the dilaton. The B field is a
higher rank tensor analogue of a gauge field. The dilaton is related to the string coupling g5 as

follows

gs = exp((®))

IThe ‘T’ also stands for toroidal. A compactification is toroidal if the compact space is a torus.

2Note that symmetries always operate within the same system, leading to conservation laws which simplify
problems greatly, but they are quite different from dualities in that they do not map difficult problems into easy
ones. Instead, symmetries simplify difficult problems by applying constraints to the possible forms of the answer.
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where (®) is the vacuum expectation value of ®. The coupling is a dynamical variable in string
theory. T-duality, for closed strings, relates small distance scales to large distance scales. It
is also crucial to the understanding of D-branes, which arise in open string theory [49]. An
important point to mention is that T-duality maps R — 1/R and consequently it is the winding
of strings that is crucial 3. Point particles are 0-dimensional and thus cannot possess winding
modes. Thus it is this extended nature of strings which exposes new properties such as T-duality.
This chapter introduces bosonic T-duality in the Abelian and non-Abelian contexts. We place

emphasis on closed string theory throughout this thesis.

1.2 Abelian T-Duality

Begin by considering a closed bosonic string 4 which moves in the background S' x RY?4. This
means that the spacetime is compactified along one direction, i.e. the S'. This circle has a
radius R. The coordinates X describe the embedding of the worldsheet into spacetime, that is,
our coordinates are parametrised by the worldsheet coordinates (7,0), much like the worldline
is parametrized by proper time. Specifically, the circle compactification amounts to singling out
one direction, say X!(7,0), which is compact. Here 7 is the time on the worldsheet and o is
the circular, periodic direction along the closed string. This compactification changes the string
dynamics in two important ways [51]. Firstly, the spatial momentum, p! , may no longer assume

any value. It is now quantized:

Secondly, the boundary conditions for the mode expansion of X become more general after
compactification. As a result, we are able to move around the string whilst relaxing the condition
X(1,0 +27) = X(1,0) to X!(1,0 + 27) = X!(7,0) + 2rmR, where m € Z and we have an
isometry along the X'-th direction. Here the integer m tells you how many times the string
winds around the compact direction, S'. Naturally, m is called the winding number, that
is, the number of times X! (the compact direction) needs to be circled in order to return to
the starting point. This winding term is a uniquely stringy phenomenon. To find the energy

spectrum, consider the periodic field X!, which has the following mode expansion

/
XY (r,o)=xz'+ %T + mRo + oscillator modes,

incorporating both quantized momentum and the possibility of winding number. The centre

of mass for the system is given by 2! + aRn7 . Start with a simple non-linear - model,

3Here 1/R is the radius of the dual background in terms of the radius R of the original background.
4The worldsheet approach, in a general framework, has been studied for closed bosonic strings in [50].
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S(G =6, B = 0), whose dynamics is governed by a wave equation. Here § is the Kronecker-delta
and we have a constant dilaton. The wave equation is much simpler to solve if the coordinates

are split into left- and right-moving modes:
X'o,m) = X1 (07) + Xp(o7)

where

1 1 ! 1
Xi(o™) :5:131 + EO/QDLUJr + 4/ % Z 507711 exp(—ino™)
n#0

1 1 o 1
Xh(o7) :5551 + ia'p307 + 14/ 5 Z ﬁak exp(—ino ™)
n#0

and o is the square of the fundamental string scale, I; . The Fourier modes &’ and o} act as

creation and annihilation operators respectively. The momenta are given by

_r, mk 1 mE
pL_R Oé/’ pR_R

Oé,

with o* = 7 £ . Finally, consider the mass spectrum, calculated using
25
M? = Zpup”'
n=0

Then the mass squared of the (N, N) excited state is given by [51]

2 22
L m°R 2 -

M? = o5+ —5 + S(N+ N =2), (1.1)
where N and N are the number operators for left-moving and right-moving oscillation modes
of the string, respectively. The first term in (1.1) tells us that a string with » > 0 units of
momentum around the compact direction, X! | contributes n/R to its mass. The second term
says that a string winding m > 0 times around the compact direction picks up a contribution

of 2rmRT to its mass, where

1
T = .
2ma

Notice that the spectrum (1.1) is invariant under the following transformation

men, Re

SR

Thus, the strings compactified on circles with radii R and aR are T-dual, and have identical

mass spectra. This is called radial inversion symmetry. The precise mapping is given by
XL e —Xg, X} o X)L

This extends the symmetry of the spectrum to a symmetry of the whole theory by reflecting ® the

5We actually mean parity reflection here. In non-flat backgrounds possessing an isometry, T-duality does not
reduce to a parity transformation any longer, which acts on right-moving (or left-moving) worldsheet variables
alone. Instead, in the general case, T-duality acts as a canonical transformation affecting both the left- and
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right-moving co-ordinate and leaving the left-moving part invariant 6. The above procedure also
applies to toroidal compactifications [56], specifically to Narain compact-ifications [57], leading
to the T-duality group O(D, D, Z). We can think of this group as follows, consider the group
O(2D) which has parity and rotations of 2D coordinates. Then the group O(D, D) results from
still maintaining parity, but letting D coordinates in the metric acquire negative signs. Then the
object preserved is the metric with an equal number of negative coordinates as positive. This
describes a double space where all D coordinates are doubled, mimicking a string theory with

all dimensions being compact 7.

Transformation of Ramond-Ramond Fields

Up till this point, we have been discussing 26-dimensional bosonic string theory. Now we concen-
trate on the type II 10-dimensional superstring theories. In addition to the NS sector, superstring
theory also contains a Ramond-Ramond or RR sector, which contains fields which are differen-
tial forms. These fields exist in the 10D spacetime of type II supergravity which is the classical
limit of type II string theory. The RR p-forms generalize Maxwell’s electromagnetism. The flux
transformations for the RR fields can be found in [52]. We start by constructing a poly-form

composed of RR forms contracted with I'-matrices . For a ITA theory we have even fluxes:
e &
n=

1
where J' = %Ful._ tip Fﬁ “#? and the fluxes are contracted with the 10-dimensional I'-matrices.

For a IIB theory we take all the odd fluxes:

o 4
(&
P = 2nZOF2n+1' (13)

After T-dualising, the left and right moving modes couple to two distinct sets of vielbeins.
However, as a result of these vielbeins describing precisely the same geometries, we may relate
them by a Lorentz transformation, A. This A is used to define an action on spinors parametrized
by the matrix  satisfying [58]

Q1reQ = Agre,

For SU(2) isometries this is solved by

a/

0 =
VGog

I'11D,

right-movers on the worldsheet [52-55].

This reflection applies to fermionic co-ordinates for the superstring [56] as well. Particularly, reflection of the
right-moving fermion in the compact direction causes a change in chirality resulting in type ITA and type IIB
superstring theories being interchanged.

"See the box titled “T-duality in Field Theory” for more information.

8See Appendix A for conventions.
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with I''! being the 10-dimensional chirality operator. Then we obtain the dual fluxes through

the inversion of 2. They are related to the original fluxes as follows

P=P.Q°L

1.2.1 The Buscher Rules

String theory backgrounds are described by both their metric and Kalb-Ramond field, therefore
in what follows we refer to (G, B) as the background. The action of T-duality re-lates the
backgrounds (G, B) and (g,b), which are completely different, using the Buscher rules [12,13].
Backgrounds related in this way are said to describe the same physics. That is, S(G, B) and
S(g,b) give rise to identical theories, furthermore they give rise to the same quantum theory
[59]. This may be illustrated by constructing an intermediate action obtained by gauging the
isometries ?. That is, we make the global symmetry a local symmetry through the introduction
of a gauge field and the replacement of ordinary derivatives by covariant derivatives. The o-
model is described by the Polyakov action for a bosonic string [60] in conformal gauge. Moving
to conformal gauge involves selecting coordinates for which the metric becomes diagonal. It is
given by
S = / d*2[Grn(X) + Byn(X)]0X™OX™

and written in terms of the complex worldsheet co-ordinate z = %(T + i0). From the 2-
dimensional worldsheet perspective the fields X™ are bosons while G and B are field dependent
couplings. From the spacetime perspective, X" are the co-ordinates of spacetime parametrized
by the worldsheet co-ordinates. We choose co-ordinates {X!, X} for i > 1 in such a way that
the symmetry acts by shifting along the X !-direction only. The X '-direction is special because

it is compact and it is the direction in which our isometry acts. Then we may write
S = / d*2[G11 AA + L1; ADX* + Ly 0X'A 4 Li;0X'0X7 + X' (0A — DA)]

where Lypn = Gun + Bmn , and the background fields are all independent of X'. Note the

replacement
(0X1,0X1) = (A, A) (1.4)

where (A, A) forms the auxiliary '° gauge field on the worldsheet. We may view this replacement
as gauging the shift symmetry of the original o-model by a minimal coupling to the gauge field
A [10]:

0X' - DX'=0X"'+ A

9TIsometries occur whenever the action S (G, B) is invariant under spacetime diffeomorphisms in a direction
which has a global symmetry from the 2-dimensional worldsheet perspective.

10 An auxiliary field does not contain any dynamics and therefore does not contribute to the degrees of freedom
present in the theory. For ordinary fields, when we solve the equations of motion, the degrees of freedom are
the labels which parametrize our solution. That is, they are the initial conditions. However, when solving the
equations of motion for the auxiliary field A, we find algebraic equations, which are not integrated, and therefore
there are no initial conditions which need to be specified.
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for i > 1. The last term in S’ contains the Lagrange multiplier X1 . whose purpose is to impose
the constraint F' = dA = 0. The result is a gauged non-linear o-model S(g, b; A, X 1. To return
to the original model, the Lagrange multiplier X* must be integrated out, which takes us back to
the original theory S(G, B). The result being the reversal of the arrow in (1.4), and recovering

the initial o-model. However, integrating out A using the gauge field equations:

A =G 10X - Llox?),
A=— G (0X' - L}aX"),
returns a different theory. These solutions tell you that A and A are determined as soon as you

specify the X’s. It is the o-model S(G, B) written in terms of new background fields ''. This is
the dual theory with action

g — / (G (X) + B (X)]0y™ 3"

written in terms of the co-ordinates y™ = {X', X?}. The Lagrange multiplier represents the
dual co-ordinate, the direction for which the dual theory is isometric. The dual fields are related

to the original fields, as derived by Buscher

g1 =(G11)7Y, g1 = (G11) 'Bu, bu=—(Gu) 'Gu
gij =Gij — (Gu)~ ' (GiG1j + B Byj) (1.5)
bij =Bij — (G11) " (GaByj + BuGhj).

This method works in the case of abelian isometries 12 [56]. Through recent developments, many

derivations of the transformation rules for Ramond-Ramond fields [52,63-67] exist. We will first

consider such rules in the context of T-duality described by an O(D, D) symmetry group.

1This can also be done using a Hamiltonian approach through canonical transformations [54].
12Global issues were first raised in [59] and are subsequently discussed in [61] and [62].
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A Note on Open String T-duality'®

As we have seen, in the presence of a compact dimension, closed strings exhibit fundamentally
new states due to their extended nature: that is, closed strings are able to wrap around the
compact dimension. This winding makes it impossible to contract closed strings to a point. Since
open string endpoints on a space-filling D25-brane are allowed to move freely, open strings can
indeed always be contracted to a point. Compared to closed strings, open strings do not exhibit
any fundamentally new states in the presence of a compact dimension. Furthermore, the string
spectrum for an open string on a space-filling D25-brane with radius of compactification R and
a related open string on a D25-brane with radius of compactification R = R/, do not coincide.
This implies that open strings on D25-branes are able to distinguish between the two different
compactifications. To preserve T-duality in the presence of open strings, we find that T-duality
relates a spacetime with radius R and a D25-brane to a spacetime with radius R = R/d/ and a
D24-brane. In the dual space, X! is the Dirichlet direction of the D24-brane. We set X' = 0
to be the position of the brane along the compact direction. All open string endpoints are then
held attached to points with X' = 0 in the dual direction. Because the string endpoints are
kept fixed, new open string configurations exist that prevent open strings from being contracted
away.

Therefore, an open string stretching from X' = 0 to X! = 27R winds around the compact
direction once. Open strings may wind around the compact direction any number of times just
like closed strings, moreover, open strings may even resemble closed strings, however they are

not closed since the open string endpoints do not need to coincide.

1.2.2 Generalised Geometry

The fundamental theory of relativity tells us that physics is the same for all observers, that is,
physics is co-ordinate invariant. This idea is best formulated mathematically using differential
geometry. One considers a tangent bundle ' to the given spacetime manifold, equipped with a
metric tensor. It is the metric tensor which acts as the dynamical object in the theory, ‘encoding’
the physical content. The Riemannian metric of general relativity provides a measure of distance
in this theory. But what about theories requiring a metric and an antisymmetric 2-form to define
their background? The answer is, we expect that these two fields should be treated equally and
therefore combined to form the dynamical object. This is done by developing an associated

geometrical theory, using the O(D, D) structure group. This is the generalized tangent bundle

13 This information box is an excerpt from [?], Chapter 18.
1A tangent bundle of a differential manifold M is a manifold TM , which assembles all the tangent vectors in
M .
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described in the context of generalized geometry [69-72]. The dynamical object is now given by

the generalized metric, M :

G- BG'B —BG!

M =
G~ 'B G 1

The generalized dilaton, d, is

e 20 — ¢72%\/det G.

The generalized metric provides the most efficient description of the action of T-duality on
the background. In this set-up, T-duality is generated by O(D, D) transformations with the
following action

M—M=T"'MT

with d remaining invariant. Then, T-duality is implemented using the following matrix [73]

1-1 1
T-duality in the k" direction : Tro = [ k k ] ’

1, 1-1,

where 1, is the D x D-matrix with 1 as the k*" diagonal entry. This vector ensures we are
dualising along the chosen direction, the k' direction. Dualising along several co-ordinate
directions generalizes naturally to T,1To2 = To1402. The dual metric G’ is then read off from
the ‘(G~!)’ term which corresponds to the matrix in the 4th quadrant of M’. The change in the
dilaton is given by

1 det G’

AD = = Jog —vE
1% qet G

T-duality in Field Theory

T-duality relies on the extended nature of strings to wrap around compact dimensions. The
existence of winding modes resulting from such wrappings, and also the momentum modes
underlie T-duality. The result of the action of T-duality being the creation of a connection
between the physics (of strings) defined on geometrically distinct backgrounds. Double Field
Theory!'® [77-79] tries to incorporate T-duality as a symmetry of field theory. At first the
idea does seem bizarre, given that T-duality is a unique symmetry of strings, and that field
theory describes 0-dimensional particles which are unable to wrap around compact dimensions.
Therefore it is quite natural to assume that if we were to incorporate a T-duality symmetry
in field theory, we should take into account information about the winding modes, somehow.
To do this, we need to assign more degrees of freedom to our particles, accounting for their
inability to reproduce stringy-like winding properties [74]. Double Field Theory incorporates

these new degrees of freedom by doubling the space of co-ordinates. Thus ordinary and winding

co-ordinates are considered to be the co-ordinates of a doubled manifold!S.

5For a review, consult [74-76].

For any manifold M with a boundary OM , we may define its double to be the manifold obtained by gluing
two copies of M together along their common boundary [80]. This does not mean that the double is always closed.
In fact, this concept makes sense for any manifold. However, when discussing doubles, one is primarily referring
to manifolds M which are compact (and thus closed) with non-empty boundaries OM .
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Effects on Ramond-Ramond Fields

Hassan [53], and later Fukuma et al [81] described the changes made to the RR fields due to the
action of T-duality by expressing the fields as a set of fermionic (or grassmannian) creation and
annihilation operators, ¥ and ,, respectively. These are combined to arrive at the potentials

C®). They are then given by
1
€)= > G "0 (0),
— 1!
with corresponding algebra

{wnuwn} = 57?17 {wm7wn} = {wm7¢n} =0.

The annihilation operators 1, annihilate the vacuum |0). T-duality acting along the m!" direc-

tion may be expressed as having the following operator

T =" + Y. (1.6)

acting on the vacuum |0). Note that different T}, anti-commute, so the sign of the final C()
after T-dualising depends on the ordering, although this has no physical effect. The following
subtleties apply

1. When considering a non-trivial dilaton, we ought to apply the above rules to e®dC®

instead [22,23]. This is also mentioned in the last paragraph of [81].

2. A T-duality along the time direction exchanges real and imaginary fluxes [83], therefore
(1.6) applies for m # 0 and we define Ty = ()% + 1p).

3. For the case when the B-field is non-zero, these operators apply to the modified potential
D, introduced in [81], rather than the potential C.

We may express the effects on the RR-fields in another way, as Hassan did in [52]. Here we
may act directly on the fields F®) . Then performing a duality in the 2°-direction, for example,

returns new fluxes

® _ pp-1) _P— 1G9 prD)

9no...q no...q 99 [n* 90...q]7
/ +1 !
Ff(rg)r)zq = Fs)(fnn)q o pBQ[n Fg)p)q}

Since all our cases deal with diagonal G and a B which is zero, the second terms in each equation
above vanish. This approach also requires one to remember to include a factor of ¢ when dualising

along time [83]. Appropriate factors also need to be inserted when the dilaton is non-trivial.
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1.3 Non-Abelian T-duality

As we have already discussed, T-duality is an equivalence between string theories propa- gating
on two different spacetime geometries which contain some isometries [19]. Simply put, it de-
scribes strings on a circle of radius R and those strings on a circle of radius o/ /R as equivalent.
In general, a map, given by the Buscher rules, is provided by the action of T-duality. This
map relates one solution of supergravity to another. The Buscher procedure can naturally be
generalized to include target spaces equipped with a non-Abelian isometry group H. For such
a case, the Buscher procedure is followed almost exactly, except that the gauge fields ' now
take values in the algebra of H. This also produces a map from one solution of supergravity to
another, as in the Abelian case. This acts as a solution generating technique for supergravity

theories.

This natural generalisation was proposed in [84] (see [85] for earlier work). Although some
attention was paid to this new duality in [86, 87], progress was impeded until it was worked
out how to embed this duality symmetry in supergravity. This meant knowing the full trans-
formation, including that of the RR fields, which was later found by Sfetsos and Thompson
in [88]. Presently, we are at the stage where much more work and development has been done
and progress has been made toward our understanding of non-Abelian T-duality [19,19,90-93],
though there are still many things which remain a mystery. For example, non-Abelian T-duality
might be extended to an exact duality of the full superstring theory, but at the moment this
is something which remains un- clear. Although it appears that the dualisation procedure for

Abelian and non-Abelian T-dualities are very similar, we list two important differences:

1. The isometry of the initial target space geometry is destroyed by non-Abelian T- duality,
even if only partially. Furthermore, the supersymmetry of the model may be potentially

destroyed too 8.

2. Global issues arise as a result of applying the Buscher procedure to worldsheets of
higher genera, that is, beyond tree level. Therefore, non-Abelian T-duality is not an exact

(or full) symmetry of string perturbation theory, existing only as a tree-level symmetry.

Earlier work on non-Abelian T-duality for cases involving purely Neveu-Schwarz backgrounds
can be found in [84,86,87,94-97]. After the publication of [88], there was a resurgence of inter-
est in the subject of non-Abelian T-duality, leading to the extension of the Buscher procedure
to geometries containing RR fields in addition to NSNS fields. Furthermore, non-Abelian T-
duality was originally studied in the context of backgrounds possessing SU(2) isometries. Then,

performing non-Abelian T-duality on the SU(2) isometry group within the sphere of type IIB

"The gauge field is a 1-form with values in the Lie algebra associated to the gauged isometry group [56].
181t is possible to recover this lost isometry as a non-local symmetry of the o-model. The corresponding
o-models are canonically equivalent [84].
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AdS5 x S° causes something interesting to occur. The action of T-duality produces a geome-
try which is a solution of type ITA supergravity [88]. Consider the background containing an
SO(4) = SU(2),SU(2) g isometry, then the round S metric is written as

ds? = db? + d¢? + 2 cos Odddi) + dip?.
Next, perform the T-duality with respect to one of the SU(2) isometries, say the left '°, then
we will find a geometry that interpolates between R x S? and R? with the following metric

7“2

~ 2 2
ds =dr +1+r2

(d6?* + sin® Bd¢?).

However, there is also an NSNS antisymmetric 2-form field and scalar dilaton present for the

dual geometry:
3
. A 1
B = T _vol(S?), &= —5 (1 +r2).

+ 72

We are also interested in how the RR fields transform. Suppose that the initial geometry

considered above is supported by a RR 3-form
Fy = vol(S%).
Dual fluxes are extracted using the following equation
PP =pa

where the slashed terms represent the RR poly-form made up of the sum of the RR forms
contracted with y-matrices: Fp = ﬁFMA._M,F‘“'““P, to form a bispinor. The matrix 2’s inverse
is key to the transformation procedure and given by

1
V1412

From this we may determine that the dual geometry contains a 0-form and a 2-form:

Q—l — (—F123 + T‘FT).

7“3

=1 F= 77“1)0[(52).
where the 0-form, Fy , is called the Romans mass 2° [19]. When this dual geometry is embedded
into a type ITA supergravity background, a solution of massive IIA supergravity is found. A
massive IIA supergravity results whenever the Romans mass is non-zero. Notice that the type of
string theory has changed from type IIB to IIA. The fact that the isometry group being dualised
has an odd dimension means that the supergravity will change in type. For even-dimensional

isometry groups, the supergravity type remains invariant.

Note that if, instead, we performed T-duality with respect to the right SU(2), the metric and background
would remain unchanged. This is because we are dealing with type IIA string theory, which is parity invariant,
and all that relates the two SU(2)’s is a parity transformation.

20The Romans mass was originally introduced as a ‘cosmological constant’ by Romans in 1986. However it was
later understood to be an RR flux to be treated as any of the other RR fluxes, all of which are mixed by T-duality.
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1.3.1 Some Technical Details

As mentioned earlier, the most well-studied version of non-Abelian T-duality exists for back-
grounds having an SU(2) isometry. Considering such a background we may write the metric
as [88§]
1] .

ds? = G (x)da"dx” + 2G i (x)da" L + igij(x)LzLJ

where = 1,2,...,7 and 7,5 = 0,8,9. The L"s are the SU(2) Maurer-Cartan forms 2!
Ly = —iTr(t'g~ ' dxg).

where t = %ai are the SU(2) generators. The group element is given by

Loog t0oo Lapos
g=e297 . 3072 ¢2Vs,

with 0 <0 <7, 0<¢ <27 and 0 <y <4m. Itis assumed that the NS sector also comprises

an antisymmetric 2-form
1 . ,
B = By (x)dz" N dx” + B(x)da” AL+ §bij(:n)LZ N L7

and dilaton
O = O(x).

Note that all the dependence on the SU(2) Euler angles 6, ¢ and v is contained in the Maurer-

Cartan 1-forms. All remaining data is dependent on the fields z#, called spectator fields.

NS Sector

The Lagrangian density for the NS sector fields is given by
L= Quds X" X" + Quds X'L' + Qi L0 X" + EyLi I/ |
where
Quv = Guv + By, Qui = Gui+Bui, Qiu=Giy+ Biy, Eij = gij + bij,

and p=1,2,....,7and 7,5 = 0,8,9. Non-Abelian T-duality is performed through the replacement

of ordinary derivatives with covariant derivatives, as follows

0+9 = Dig=0+g9 — Axg,

followed by adding a Lagrange multiplier term to ensure that we have a flat connection (which

further ensures that there is no curvature)

—iTr(vFy), Fi=0,A_ —0_A, —[A,, A_].

21For group theory conventions, see Appendix A.
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where the v;’s are Lagrange multipliers. There is more than one Lagrange multiplier present
when considering a non-Abelian theory. This is because instead of having a single field, we now
have a matrix of fields. Under this transformation, the spectator fields, z* remain inert. Partial

integration results in the Lagrange multiplier taking the form

At this stage, we have managed to introduce three new degrees of freedom. To eliminate three
of the variables, we need to fix a gauge. The simplest choice available to us is ¢ = 1. Then

integrate out the gauge fields to get
Al =M (040 4 Quids Xu), AL = —iM; 1 (0-vj — Q;u0k), (L.7)

where the matrix M is given by
M;i; = Eij + fij-
Then substituting (1.7) back into the original Lagrangian yields the dual Lagrangian

L = Qu0 X O_XY + (01 v; + 04 X' Qui) My, (0-v; — Qjud-X"). (1.8)

The v;’s now take on the role of dual co-ordinates, just like the Lagrange multiplier in the
Abelian case. The background fields of the NS sector for the T-dual theory may be read off
from (1.8) as

Quv =Quv — QuiM;'Qju, By = M,
Qm‘ :QHJ'MJ?’ Qiﬂ - _Mingj“'

For the case of Abelian T-duality, the dilaton receives a contribution at the quantum level. The

same applies to non-Abelian T-duality with the following contribution

O(z,v) = (x) — %ln(det M).

Note that it is the inverse of the matrix M above which determines the dual geometry.

RR Sector

The transformation rules for the RR fields were first discovered in the context of Abelian T-
duality in [63] for supergravity theories in 9 spatial dimensions [88]. These rules were arrived
at by considering the action of T-duality on spinors. These rules were written down for the
spacetime perspective in [52,98], and for the Green-Schwarz string in [64,65]. The pure spinor
formalism was written down in [67,99]. The current method [100] combines the RR fields
with their Hodge duals 22 to form the bispinor as in equations (1.2) and (1.3). Then the non-
Abelian T-dual theory is obtained by multiplication with 2~ . When transforming a type IIB

22Gee Appendix A for conventions.
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supergravity into a massive type ITA supergravity, we may obtain the rules for the transformation
of the RR fluxes by comparing both sides of [8§]

P=pPO L

For transformations from massive IIA to IIB, one simply switches the roles of P and P.

1.4 Summary and Conclusion

Dualities provide a unifying link between the different string theories. In particular bosonic
T-duality relates type IIA supergravity to type IIB supergravity. In its sim- plest form, we have
shown that bosonic T-duality is an equivalence between a theory with a large spacetime radius
and a theory with a small spacetime radius. A powerful approach used to derive the Buscher
rules, which form a recipe for performing bosonic T-duality, is the path integral approach. This

procedure comprises three main steps:

1. Begin with the string o-model describing some spacetime and gauge a U(1) isometry
of this spacetime (or SU(2) in the case of non-Abelian T-duality).

2. Using a flat connection for this gauge field, we insert a Lagrange multiplier.

3. Integrate by parts to obtain an action with a non-dynamical gauge field that may be

eliminated by its equations of motion, to produce the T-dual o-model.

In summary, given a non-linear o-model with a target space that admits an isometry, the Buscher
procedure gives us a well defined recipe for obtaining a T-dual o-model. There are some sub-
tleties that occur when trying to prove that the Buscher procedure holds on worldsheets of higher
genera [10,59]. Abelian T-duality Buscher rules are only valid to the lowest order in string per-
turbation theory, as is true for the non-Abelian case. However, by gauging an Abelian isometry,
the duality may be extended to higher genus worldsheets. In this case, the shift symmetry has
to be along a compact coordinate [59,101]. The full set of bosonic T-duality transformations is
given by the non-Abelian group SO(D, D, Z). Tt is generated by T-dualities on all D circles, lin-
ear redefinitions of axes and discrete shifts of the Kalb-Ramond field B [49]. Naturally, we may
wonder about the role that non-Abelian T-duality plays in the gauge/string correspondence. To
answer this question, Sfetsos and Thompson [88] studied the dualisation of AdS5 x S® with an
SU(2) isometry group. Non-Abelian T-duality studied in this context has many efforts, which
may be found in [19,90,102-104] and references therein. A far more thorough review of non-
Abelian T-duality can be found in [99]. It is important to stress that Abelian T-duality is an
eract duality of superstring theory whereas it is not known whether non-Abelian T-duality s
a duality. However, it has proven useful as a solution generating technique, which acts at the

level of the supergravity. The take home idea is that bosonic T-duality may be used to generate
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new solutions of supergravity. This is very useful for mapping very distinct geometries to one

another.
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Chapter 2

Introductory Fermionic T-Duality

2.1 Introduction

Fermionic T-duality [21,22] is the cousin of bosonic T-duality which extends the idea to a duality
that acts on the whole superspace. Initially, the motivation to study fermionic generalisations
to bosonic T-duality arose as a result of the need to understand dual superconformal symmetry
with regards to scattering amplitudes of the string, as well as trying to understand its connection
to integrability. Dual superconformal symmetry eventually helped show that AdSs x S° was
self-dual [21,22]. This discovery shed light on hidden symmetries in the scattering amplitudes
of supersymmetric theories like N' = 4 super Yang-Mills [26-28], and suddenly there was a great
desire to explain these symmetries which fuelled research centred on the topic of fermionic T-
duality. Let us take a step back to recall some of the things that we already know, for context.
We have seen that bosonic T-duality has been crucial in linking the two type II string theories,
and that the prerequisite for this duality transformation is an isometry on the background.
For bosonic T-duality, Buschers procedure tells us to use a shift symmetry of the target space
coordinate, corresponding to the isometry on the target space of the o-model. Then, we are
able to make some field redefinitions in the o-model. Classically, the new o-model is equivalent
to the original o-model, and both models have identical forms of the action. However, the new
o-models couplings [101], that is the metric and 2-form NSNS field look different. If the dilaton
transforms as well, then the o-models are equivalent at the quantum level. Additionally, in the
bosonic case, the transformed background fields are related to the original fields by the Killing

vectors corresponding to the isometry.

The generalisation to target spaces possessing fermionic isometries, or supersymmetries, as
well as isometries, resulted in the duality of tree-level type II string theory called fermionic
T-duality [101]. Under this duality only the RR fields and dilaton transform, leaving the rest
of the NSNS sector (metric and NSNS 2-form) invariant. Analogous to bosonic T-duality,

the transformation of the background supergravity fields are generated by the Killing spinors
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corresponding to the superisometry of the superspace. It was Berkovits and Maldacena [22] and
simultaneously Beisert et. al. [21], who in 2008, managed to generalise the Buscher procedure for
worldsheets with actions invariant under constant shifts of the spacetime fermionic coordinates
67, J = 1,...,n, where n is the number of supersymmetries. The metric and NSNS 2-form
remain invariant and the transformation laws of the RR fields are given in terms of the bispinor

field strength. In type ITA string theory, the bispinor field strength is

lF(4) (Fal...a4)aﬂ7

4' ai...aq

1
FoB = §F§fg2(rala2)“ﬁ +

where the 2-form F(2) and 4-form F(4) are the RR field strengths. In type IIB string theory
the bispinor field strength is'

LF(E:) (I‘al---asgl)aﬁ’

1 a
Foeﬁ _ Fél)(ragl) + *F(?’) (I‘“l"'ad(zaz))aﬁ + 55 Faras

3 ai...as

where the 1-form F(1), the 3-form F(3) and the 5-form F(5) are the RR field strengths. The
5-form F (5) is also self-dual with respect to the Hodge star operator?. There are important

differences between bosonic T-duality and its fermionic cousin. We will note them here:

1. Fermionic T-duality is not an exact duality symmetry of string theory. The symmetry is

broken at one loop in the string coupling, gs.

2. The transformation laws for the background fields resulting from the fermionic Buscher
procedure are quite different when compared to the bosonic case. Strikingly, the NSNS

sector is left untouched save the dilaton, which picks up the following additive correction
, 1
¢ = ¢+ ;logC,

where C is determined by the Killing spinors (e, €), which parametrize the fermionic isome-

tries. Note that this pair of Killing spinors represents a single supersymmetry.

3. The transformation of the bosonic fields in the RR sector may be written concisely in

terms of the bispinor F®#:
¥ o = 9 FoB 4 16ie*eP 01, (2.1)

where the bispinor? is found, as before, by contracting all the RR fields in the theory with

!'Notice the Pauli matrices present in the IIB case. Type IIB string theory is chiral (left /right asymmetric).
As a result we are dealing with two-component Majorana-Weyl spinors 1 = (e, €). Each of the Killing spinors in
the pair have 16-components. Given that we are discussing type IIB string theory the two 16-dimensional Killing
spinors have the same chirality.

2See appendix A for conventions.

%Note that the conventions for the factor in front of the second term on the right hand side of (2.1) differ from
author to author.
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the appropriate antisymmetrized products of I'-matrices.

4. There is an important new feature which occurs for fermionic transformations. The Killing
spinors need to be complex in order to satisfy the commutativity condition, which will be
discussed below, this ensures that the symmetry we gauge in the Buscher procedure is
Abelian. Therefore, our supersymmetries commute. The consequence is that performing

a fermionic T-duality transformation will result in a complexified solution of supergravity.

5. It is desirable to return to a real background, as we would like to describe physical pro-
cesses, to this end it is essential to apply a bosonic T-duality along a time-like Killing
vector. The returns a real solution with real fluxes. However, this does mean that our
solutions obtained by using fermionic T-duality as a ’solution generating technique’ are

limited to supergravity solutions possessing a time-like Killing vector.

Take note that the transformation law for the dilaton is very similar to the way that the dilaton
changes under a bosonic T-duality with the essential difference being that in the fermionic case,
the sign of the logarithm has changed. This difference turns out to be extremely important for
establishing the exact T-self-duality of the AdS5 x S° background. We will deal with self-duality
later but, simply put, it means that the original background is returned to after a sequence of
bosonic and fermionic T-duality transformations has been applied. When applying bosonic
transformations in order to establish self-duality, we always need to apply an even number. This
occurs because the bosonic transformations swap the type ITA and type IIB backgrounds. Thus,

to return to the same background, an even number of bosonic T-dualities is required.

2.2 The Fermionic Buscher Procedure

As before, we start by considering a o-model, in this case a Green-Schwarz o-model on the
whole superspace, depending on both bosonic and fermionic worldsheet variables (z™, 0*). Next,
choose one of the fermionic directions, say #', such that the worldsheet action is invariant under

a constant shift of the fermionic variable. This means that

o' — o' +p, ™ — 2™, OF — 6", (2.2)

where p is a fermionic constant and ji runs over all fermionic degrees of freedom except u = 1.
These types of backgrounds inherently preserve a supersymmetry [22]. Invariance under (2.2)

implies that §' will only appear as derivatives in the action, which is given by

S = / d*z [B11(Y)00' 00" + Lip(Y)00'0Y ™ + Ly (Y)0Y™M 00 + LynoyMov™],
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where YM = (2™ 6#) and M = (m, i) ranges over all indices except for y = 1. We define
Lyn(Y) = Gun(Y) + Byn(Y) where Gy is the graded-symmetric tensor and By is the

graded-antisymmetric tensor defined by

Gun = (—)MN¥Gny, Buy = —(—1)"Y By,

with

(—1)MN —1 M, N both fermionic,

+1 Otherwise

where the background fields are contained as components. Once again, we introduce a vector
field (A, A), which is composed of fermionic gauge fields. The derivatives are then replaced with

the vector fields as follows:

(96',00") — (A, A),

where (A, A) forms an auxiliary field on the worldsheet. This replacement is viewed as gauging
the shift symmetry of the original Green-Schwarz o-model by a minimal coupling to the fermionic
gauge field. If By1(Y') is non-zero then we may apply the Buscher procedure in order to T-dualize
the o-model with respect to #'. Additionally, a Lagrange multiplier term ' is added to the
action for the purpose of imposing that the vector field is a derivative of a fermionic scalar. The

resulting action is

S = /dﬂz [BH(Y)AA + Ly (V)YAIYM + Ly (V)OYMA + Ly noYMoyN + 6104 - dA)| .

To return to the original Green-Schwarz o-model, the Lagrange multiplier ', must be integrated
out. This imposes that A = 90" and A = 90'. Alternatively, we may integrate out the fermionic

gauge field instead, using the equations of motion for A given by

00" =By1 A+ Lyn0YM,

90" =By A — (—1)*M L,y M,

where the exponent s(M) is zero if M is a bosonic index and one if M is fermionic. This results
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in the T-dualized action

S = / d?z [ 11(Y)00r00" + L, (V)00 oY ™M + Ly, (V)oY M6t + L)y yoy Moy }

where

=—Bu)", Liy=(Bu) "L,

in = (Bi) 'L, Lhyn = Lun — ?HLlNLMl-

There is a change induced in the dilaton due to the measure factor coming from the integration
over the fermionic vector field (see [106] to see how the measure factor arises for the case of

integration over a bosonic field). The change is given by

1
¢ =¢+ 5108;311-

Note that the change in ¢ as a result of fermionic T-duality has a logarithm with the opposite
sign from that appearing in the change in ¢ as a result of bosonic T-duality. This is because,
whilst the integration of the vector field has the same formal structure as in the bosonic case,
we are instead integrating over an anticommuting variable, which picks up an additional minus
sign. Fermionic T-duality transformations leave the NSNS fields G sy and Bjsn invariant, as
mentioned above. Therefore, fermionic T-duality is primarily a transformation acting on the
RR sector. The transformation is written in terms of the bispinor field strength given in (2.1).
Furthermore, the fermionic isometries are assumed to be Abelian [22], so that they satisfy the

following commutativity constraint

eY"e+ éyMe =0, (2.3)
in type IIB and

ET™E =0 (2.4)

in type ITA for a Majorana spinor ¥ = e+¢€. The two spinors € and ¢ are not independent, instead
they are related by the Killing spinor equations and the above constraint. This constraint is
unique to fermionic T-duality and cannot be solved for real spinors, therefore the Killing spinors

need to be artificially complexified, as we will see in the next section. The consequence of this
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is that performing a fermionic T-duality transformation will result in complex RR fields. Once

a pair of Killing spinors satisfying the commutativity condition have been found, the next step

is to calculate the auxiliary scalar field C' which is defined as follows

O C =i€® (m)ape® — i€d('ym)&ﬁéé for type IIB,

OmC =iET,,T1'E for type TIA.

The auxiliary field C is the # = 6 = 0 component of By;. Using the constraint (2.3), we are able

to somewhat simplify the type IIB expression to

OmC = 2ieyme.

The dilaton can be written in terms of this auxiliary field as follows

1
¢ = ¢+ logC,
and we recall that the RR fields transform according to

/ 1 é
e‘z’F':e‘z’F—}——,6€®6
i C

2.7)

For the case when multiple fermionic T-dualities are performed, with respect to several su-

persymmetries parametrized by pairs of Killing spinors ¢; = (;,¢;) with ¢ € 1,...,n, we may

generalise equations (2.5), (2.6) and (2.7) to

OmCij = 2i€;Yme;,

n

, 1
¢ =¢+3 > (log C)si,

=1
16
' F' = e’ + — D (@) (CH)y;

ij=1

The commutativity condition, for all 7, j € 1,..,n, becomes

(2.9)

(2.10)
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€Ym€j + €iYmé; = 0. (2.11)

2.3 A Recipe for Fermionic T-duality

Bakhmatov, in his thesis [16], formulated a great recipe for performing fermionic T-duality on

any solution. In this section, we will present this recipe in detail.

Performing Fermionic T-duality

The steps are:
1. Find the Killing spinors of the solution.

2. Choose a complex linear combination of the Killing spinors from the first step, ensuring

that they satisfy the commutativity condition (2.3).
3. Calculate the auxiliary scalar field C, using (2.5).

4. If there are any RR fields existing in the original background, they should be substituted
into
1

1
FoF = ('YH)Q’BFM + g('ymmm)aﬁmeua + 275(7”1"'“5>aﬂFu1---u5- (2.12)

5. One then uses F*8, €@, é? and C to calculate the transformed RR background F’'®# using
(2.7).

6. Use (2.12), but this time use it to find the contributions of F;, F3 and Fj to the transformed
background F'®? separately.

A few comments are in order. Type ITA supergravity contains two 16-component, Majorana-
Weyl spinors with opposite chirality. It is convenient to combine the two Majorana-Weyl spinors
into a single 32-component spinor F = (e, €), and to then work with constraint equations and
the Killing spinor equations in terms of the full 32 x 32 I"-matrices. The type IIB case is handled
differently. Our Killing spinors are, again, ¢ = (€, €), but now the two 16-component spinors
have the same chirality. For IIB string theory, we work with constraint equations and the Killing
spinor equations in terms of the 16 x 16 ~-matrices. The fermionic directions along which we
dualise are found from the Majorana-Weyl spinors by creating complex linear combinations of
the Killing spinors found in step 1. The next step is to use the complex Killing spinors to write
down a differential equation (??), which may be integrated to solve for the auxiliary scalar field

C'. The bispinor (??) in step 4 contains antisymmetrized products of y-matrices with the RR
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fields. The single v-matrix and the product of five y-matrices end up being symmetric overall.
However, the triple product of y-matrices is antisymmetric overall. After calculating the new
bispinor F’*3 in step 5, we encounter the first non-trivial, challenging part of the transformation
in step 6. Here we need to extract the transformed RR fields from the new bispinor. To find the
corresponding 1-form, 3-form and 5-form, we need to separate the matrices occurring in (?7)
into symmetric and antisymmetric parts. This done by brute force using Mathematica. Steps 2,
4 and 5 are all automated with Mathematica, since all these equations involve calculations with

many 32 x 32 (type IIA) and 16 x 16 (type IIB) matrices which are very cumbersome.

2.4 Self-duality of the AdS; x S° Background

Before moving on to the study of backgrounds with less than maximal supersymmetry, it is
instructive to review the maximally supersymmetric solution, AdSs x S°, first. This review

follows the structure in [23].

To show that AdSs x S° is self-dual under a sequence of bosonic and fermionic T-dualities, we
choose to perform bosonic T-duality along the (2% 2!, 22 23)-directions of AdSs in Poincaré
coordinates. Following this, we perform fermionic T-duality along 8 Poincaré supersymme-
tries [21,22]. The corresponding Poincaré Killing spinors are those spinors independent of the

boundary coordinates of AdS5. In Poincaré coordinates the metric on the AdSs space is

1
ds*(AdSs) = = (dz"™dxy, + dr?),

r

where m = 0, 1, 2, 3 and r is the radial direction in AdS5. Solving for the Poincaré Killing spinors

n of AdSs x S° gives the following solution

1

77:%7%

where we have suppressed the angular dependence of the S° in 7. We will see this form of the
solution appearing for the less supersymmetric backgrounds in Part II. The AdS5 x S° geometry
has a self-dual* 5-form RR flux and a trivial (constant) dilaton. We may write the flux bispinor

(which is used in the fermionic Buscher procedure) as [22]

e? FP = (y01234)*",

4Self-dual with respect to the Hodge star operator defined in the Appendices.
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where 0, 1, 2, 3 correspond to the ™ directions and 4 corresponds to the radius of AdSs. The
maximally supersymmetric geometry, AdSs x S° , has 32 supersymmetries which are reduced
to 16 by restricting to Poincaré supersymmetries. The commutativity constraint 2.3 further
reduces this number to 8 pairs of complexified Killing spinors corresponding to 8 commuting
fermionic directions. The matrix C can be calculated using 2.5 where upon being inverted it is

used to find the transformed bispinor 2.10. The T-dual bispinor is [21,22]

ePFoB = (iv4)*".
Using C again allows us to find the shift in the dilaton

¢p=¢+4logr.

To recover the original geometry we still need to perform bosonic T-dualities along the chosen
™. It is during this process that the difference in sign before the logarithmic term in the
dilaton shifts due to bosonic and fermionic transformations plays a crucial role. Bosonic T-
duality produces a shift A¢ = —4logr which undoes the shift caused by fermionic T-duality.
Note, that at this stage we are still left with a complex geometry, meaning that we are not done.
To arrive at the original background we need to perform a timelike T-duality which attaches an

i to all the RR fields [83] and recovers a real solution.

2.5 Summary and Conclusion

The aim of this chapter was to give a brief introduction to the concept of fermionic T-duality.
For a thorough review with many references see [23], as well as [107] for some concrete examples,

illustrating the fermionic T-duality transformation.

In summary, fermionic T-duality is a cousin of bosonic T-duality which extends the idea to
work on the entire superspace. It is a tree-level duality symmetry of string perturbation theory
and it preserves the supersymmetry of the background, with the Killing spinors belonging to
the Abelian subalgebra of the superalgebra [16]. From the supergravity perspective, fermionic
T-duality rotates Killing spinors, preserving chirality in addition to supersymmetry. The pair

e = (¢, €) generates a single supersymmetry transformation.

To apply the Buscher procedure to the fermionic generalisation, we require that our fermionic
isometries (or supersymmetries) commute [23]. The immediate consequence of this is that the
fermionic T-duality transformation does not admit Majorana (or real) Killing spinors. Therefore,

we need complex Killing spinors which result in complex solutions to supergravity.
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In the introduction we noted the differences between bosonic and fermionic T-duality transfor-
mations. Most notably, the difference in the sign appearing in front of the logarithm term in the
dilaton shift changes to ’plus’ for the fermionic case, where it was 'minus’ in the bosonic case.
This change ends up being essential for establishing the self-duality of AdSs x S°. In fact, the
shift of the dilaton due to bosonic T-duality along the AdSs5 is exactly cancelled by the dilaton

shift caused by fermionic T-duality, which results in a symmetry at the quantum level.

For completeness we give the explicit form of the Killing spinors of the T-dual theory:

Finally, we note that fermionic T-duality transformations do not commute with bosonic T-

duality transformations.
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Chapter 3

Fermionic T-duality of
AdS; x SU(xS% x M

3.1 Introduction

In this chapter we consider the self-duality of some non-maximally supersymmetric backgrounds
as a result of performing a series of bosonic and fermionic T-dualities. We have aimed to keep
our computations as simple as possible by working directly with the fields at the level of the
supergravity. This simple approach is a great way to develop intuition regarding the mechanism
of T-duality transformations, by observing the changes in the RR fields explicitly. With the
machinery laid bare, it is easy to notice the need for bosonic T-dualities along some torus
directions, a fact which was nearly missed when working at the level of the coset!. Although we
find it most convenient to work with the ITA string theory as in [121], a bosonic T-duality will
take us back to a IIB background. Thus, our proofs are also valid in the extension to IIB. The
goal of this chapter is to provide an elementary explanation of the duality of these backgrounds,
at the expense of generality. The recipe given in section 2.3 is what we apply to every example
covered in this chapter. However, subtleties arise when considering the exceptional cases (i.e.
backgrounds possessing two spheres) and therefore additional discussion is required. At the end
of each example we present a diagram that summarizes the technical details of that section in
order to provide a ‘big picture’ view. T-duality in the general context is considered in Chapter
4 which also discusses some of the examples presented in this chapter. This chapter is based on

research covered in [36].

!The non-linear o-models that we use in this thesis may be described by cosets G/H, where G is the isometry
group of the spacetime manifold and H is the isotropy group. See Chapter 4 for details and the Appendices for
mathematical definitions.
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3.2 Type ITIA Supergravity

Since we are working with IIA supergravity it is necessary to give the basic layout of fermionic
T-duality in this formalism. Here we have two Majorana-Weyl spinors of opposite chirality. We

use a basis in which the chirality operator is given by I';; = 02 ® 1. Then we may write the

B 0
¢ and . B=1,..16.
0 e

We may combine the Killing spinors into a single 32-dimensional E = (e,€). Greek indices

spinors as follows

denote curved spatial directions, given by u,v = t,x,2,04,...,9_,u. Latin indices represent

flat spacetime coordinates given by m,n = 0,1,...,9. Spinor indices are given by a and (.

Following [121], the Killing spinors must ensure that the gravitino and dilatino variations?

vanish, which implies that

1
DyE =~ ¢ST,E, TE=0 (3.1)

where the covariant derivative is

1
D,E=0,F + Zw,mpl“”pE
and

r,,srm = 2 pp %F“).

_ (2 (4) _ i
= pAr T=_—
S F 11+F ) 16 8

The supergravity solutions that we are interested in have the fermionic fields set to zero. Vari-

ations under supersymmetry have the following form:

d(boson) o fermion, J(fermion) o< boson.

Immediately it follows that the bosonic field supersymmetry variation is d(boson) = 0. By a

supersymmetric solution, we mean that

2See appendix A for more details.
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d(boson) = 0 = d(fermion) .

Therefore, the only condition required to have any supersymmetry preserved is that the fermionic
field supersymmetry variation vanishes: §(fermion) = 0. The Killing spinor equations (3.1) do
precisely this, they set these fermionic variations to zero and we are able to determine what
supersymmetries are present. The Buscher procedure for the fermionic generalisation, as derived
by Berkovits and Maldacena [22], is employed where the direction along which we dualise is
specified by a complex Killing spinor. That is, a fermionic isometry or, supersymmetry. For
example, £ = E; + iE> is one such combination where E; = (¢;; €i) are solutions of (3.1). We
are able to perform T-duality along multiple directions &; at once, however, they must obey a

commutativity condition given by

ET,E; =0 Yu,i,j, where &= ETTY. (3.2)

Equation (3.2) is the statement that our isometry is Abelian®, which is required to perform
fermionic T-duality. This is because Berkovits and Maldacena followed Buscher’s procedure and
gauged an Abelian symmetry (as was done for the bosonic case). Condition (3.2) is not solved
by any real spinors, thus we use complex Killing spinors. The next step is to find a matrix C

from

8MCij = z’&FMFHEj, (3.3)

which gives us the change in the dilaton

1
AD=9 — P = 3 log(det C), (3.4)
and the change in the RR forms

/ 16
AF = e* Ff — e Ff = 7(0—1)ije$éj6. (3.5)
Note that in (3.5) the lower-case spinors are complex, i.e. & = (¢;, €;). The bispinor F' encoding

the RR forms is given by

3Note that at the moment, there does not seem to be a meaningful reason for why this must be true. Perhaps
future discussions will reveal a deeper understanding. What we can say is that, if our isometries do not commute,
the situation is more complex.
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1 1
F§ = SFR0™ ™ (05 + 1 FSig (™05, (3.6)

The lower-case gamma matrices are related to the upper-case gamma matrices by

Pm:[ 0 (7’”)”‘5].
(Y™")ag 0

That is, the lower-case gamma matrices are the 16 x 16 off-diagonal blocks of the larger 32-

dimensional gamma matrices. See Appendix A for our conventions.

3.3 AdS; x M Backgrounds

This section considers AdSy x S?(xS?) x M backgrounds, all of which possess 8 supersymme-
tries*. However, we neglect the superconformal Killing spinors in favour of the Poincaré Killing
spinors as in [23]. Poincaré Killing spinors depend solely on the radial direction of the AdS sub-
space. These spinors are most useful in exhibiting self-duality and tend to have a simpler explicit
form. Using Poincaré Killing spinors restricts us to considering 4 Killing spinors, which allows
for 2 complex directions, upon complexification, along which to perform fermionic T-duality.
The metric has a parameter « that has range (0, 1), such that when o — 1, the second sphere
approaches f flat spacetime. This decouples the sphere from the AdSy x S? subspace which re-
sults in these directions being re-compactified into a 72, contributing to torus directions required

to make AdSy x S? x T, The general metric is given by

1 1
ds® = ds% g + adS%Ur + mds%f + Z dy? = Nmne,, e, dz’dx”. (3.7)
(2
We adopt Poincaré coordinates for AdS,

—dt? + dz?

2 _
dsAng = D) )

z

with implied spin connection components wyjgi] = % For the spheres we have the nested form

dsfqi = dO% + sin® 0Ld¢?, (3.8)

“The notation AdS> x S?(xS?) x T identifies two classes of solutions: the AdSs x S% x T° backgrounds and
the exceptional AdSs x S%(xS?) x T* backgrounds. Therefore, the brackets indicate that the second sphere is
optional with the value of the parameter « specifying which background is being dealt with.
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with implied spin connection components wg, 23] = —cost; and wy_ 45 = —cos_. Note that
the spin connection components w,q, are independent of a although the vielbeins e, are not.
For what follows we take ® = 0 and use the following RR flux:

F(4) _ FOl(_F67 + Fsg) + \/&FQB(FGS + F?Q) + mr45(_r78 + F69)‘ (3.9)

For o = 1, bosonic T-duality along the 2® direction takes us to the IIB AdSs x S? x T case
studied in [39], with F(®) only. Following [121] we may write

F(4) — _4F0167P1(1 _ PQ),

where

1 1
P = 5(1+F6789)’ Py, = 5(1+\/ar\012378+mr014568)’

are projection operators. The Killing spinor equation is

1
D,E = —§F(4)I‘ME,

and we can build up an explicit solution E = z~1/2Rg . Rs_§ as shown in the box that follows.

Explicit Form of the Killing Spinors

Firstly we restrict to Poincaré Killing spinors, i.e. those independent of the boundary coordinates
of AdS. For AdS5 this means that 0;F = 0. Thus the p = t equation becomes

1 1
oI E = ST P(1 = BT,

which simplifies to the constraint

E=-T"%PpPPRE.

The p = z equation then reads 0, F = —%E which has the solution E oc z~1/2,
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We then take a look at the first sphere. For u € Sy we get

D,E = \/Qaruﬁ%gE, (3.10)

where we have used the fact that P{E = P»E = E. The Killing spinors for S? are given in [?].

The equation

ta

D, e=*£-e; e,

is solved by

€ = exp (:tizf2> exp <§F23) .

The 0 equation is easy to solve, but the ¢ equation requires more work. One needs to Taylor
expand the exponentials and use the fact that (iI'?)2 = —1 and {il'2,T?3} = 0. In our case, we

replace i['? — I'3%® which still satisfies these conditions. Thus

0
Rs, =exp <2+F368> exp <¢2+I‘23> .

Then we take a look at the second sphere. For y € S_ we get

1 —
DB =¥ S Ly o)

where [[,['**® Rg.] = [D,, Rg,] = 0, meaning that this is the equation which must be solved
by Rg_ alone.

Finally, we arrive at the complete solution

E() = \}E exp <92+F368> exp (%FQE}) exp <92F578) exp (%F%) &, (3.11)

with constant £ obeying

—T%7¢ = P& = Py¢ =€, (3.12)
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There are exactly 4 Killing spinors &,, and we may take them to be orthonormal and normalised:

§a &b = Oab-

We need complex combinations &; of the Killing spinors F; above in order to perform fermionic

T-duality. In general we may write these as

&‘ = me(fa), a = 1, 4.

Then the commutativity condition (3.2) becomes

biVEbyy =0, V*=E,["E, (3.13)

For the AdSs case we can show that V* = 0, using I'°"FE = —F, except for u = t, where

Vi = ETTTOE, = —¢T'¢, = 6,4,

So that the commutativity condition on the coefficients b;, is simply b;.bjq = 0.

3.3.1 The case a =1: AdS, x S? x T®

This is the simplest AdSs case. Here we can proceed in a similar fashion to [23]’s treatment of
type IIB AdS3 x S% x T*. However, this case is even simpler as we only have two complexified

Killing spinors.

With B E = E, the u € S; equation (3.10) simplifies to

1 1
DuE = T,I"E,

and thus the resulting solution is given by

E) = \}g exp <§F21> exp @r%) ¢ (3.14)

with &, a=1,...,4 still solving (3.12). We may write these as
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1 1 1 1
(&) = §5za—,3—1 + 552a—,6’+8 + 552a—,3+16 - 552a—5+23-

Where we note that each & has 4 non-zero entries at the positions given by the Kronecker-
delta’s, with 8 = 1,...,32 temporarily. Our complex combinations & = b;,E(&,) are specified
by choosing?

bl = (1107i70)> b2 = (O) 1707i)7

which corresponds to

E\=FE1+iF3, & = FEy+iEy.

Then, after integrating (3.3), we arrive at

c 1 |icosfy —sinfy singy —cos ¢4 sinf
z

—cos ¢4 sinfy icosfy +sinfy sin ¢y

To find the shift in the dilaton due to fermionic T-duality, we take the determinant of C, then
(3.4) gives

AP =" — d = —log(z). (3.15)

Note that the background we arrive at after doing a fermionic T-duality is complex. It also
shifts the dilaton. To get back to the original background, which has ® = 0, we need to cancel
this shift and somehow obtain a real background. Bosonic T-duality along the time direction
(which is also the only boundary direction of AdS3) does precisely this. It undoes the shift by
giving us ®” — &' = log(z) and makes our background real. It also changes the metric in the

following way:

—dt? + dz? 5o d22  —dt? 4+ d2?
272 — —z°dt* + ? = T,

where we have defined 2z’ = 1/z in the last step in order to bring the metric back to its original

form.

5Note that choosing these complex combinations is not a well defined process and usually involves some trial
and error.
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Finally we consider the RR forms. The change in the bispinor F' (3.5) has some real terms
(which cancel the original flux (3.9)) and imaginary terms giving rise to a 2-form and a 4-form

flux.

2 p? = T

1
ecb’F(4)’ _ 0235 _ 1569 4 1578, (3.17)

Then bosonic T-duality along the 2%, 24, 2% and z7 directions recovers the original RR flux. The
total number of bosonic T-dualities is four, half of which must be along torus directions. This
was also the case for AdSs x S® in [22] and for AdS3 x S3 x T* in [23].

In earlier treatments of AdSs x S? found in [124,125], only the coset o-model PSU(1,1[2)/U(1)?
is studied, rather than the critical string theory. Here the need for bosonic T-duality along torus
directions was not noticed. However, this approach was extended to include non-coset fermions

in [36], which forced the inclusion of T-duality along torus directions.

3.3.2 AdS; x S? x T with other RR fluxes

Earlier we studied the case @ = 1 with only a FY) turned on. There exist other combinations
of fluxes with the same underlying geometry. One such case, considered in [36,39,126], has flux

given by

F(2) — 0 F(4) — P23(D45 4 67 4 189y, (3.18)

Showing self-duality for this background is no more difficult than the F) only case. We may

write

S = —4T9T; (1 - P),

in terms of the projection operator

1
P= Z(l _ 6789 _ 14589 _ F4567)'

Here, the Killing spinors are still given by (3.14), however, the constraint on ¢ is now given by
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r,, pe =¢.

We choose solutions so that

(€)° =0 for B<a, (£&)°>0 for B=a,

and then make the following complex combinations:

E1=1iF1+ Ey, & =iFEy— Ej.

This gives

1 |ie'®+ sinf, —icos 04
C=- . . )
z| —cosfy —ie P+ sinf,

which yields a shift in the dilaton of A® = —log(z). This is identical to (3.15), and is similarly

cancelled by a bosonic T-duality along the time direction. The change in RR forms is

AF(2) =01,
AF@ — _ A B (45 4 BT 4 89) 1468 | 149 4 ;1569 4 01578,

We can clearly see that the real terms cancel the original flux, as expected. Finally, acting with

bosonic T-duality along the directions ¢ = 2%, 2*, 5 and ® returns us to (3.18).

3.3.3 The case a < 1: AdSy; x S? x S? x T*

Our generic complex combinations are given by & = b F,. One can show that there does not
exist a choice of b;, which leads to a shift in the dilaton of the form A® = log(z)+ const. Hence,
in this case, fermionic T-duality produces a shift in the dilaton which necessarily depends on the
sphere coordinates 01, ¢1. Then bosonic T-duality along time (and some flat torus directions)

cannot undo this shift.

To circumvent this problem, we allow bosonic T-duality to act along a complex Killing vector. To

this end we introduce some new coordinates for one of the spheres. These coordinates arise from
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Coordinate

change

=1
© =z

Fermionic
T-duality Return
along d = logz
(511 52)

complex

T-duality
along
remaining
directions

Timelike ];ﬂEtff
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Figure 3.1: A summary of the T-dualisation process for AdSy x S? x T,

the form of the coset element used in [36]°. Since S? is a symmetric space it may be described
by a coset space G/H where the Lie algebra g of G admits a Zs-grading (or automorphism).

Then, as a vector space, g can be decomposed into a direct sum of graded subspaces”

9=090) D 9w

In particular we have S? = SU(2)/U(1) and

su(2) = g(o) D 9(2)

where

9(0) = <L+ +L*> = <L1>a 92) = <L+ - L,,L3> = <L2,L3>.

This coset space is parametrized by the coset element

g= eMIteAsls su(2),

5The algebra has been rescaled to avoid factors of ¢ = y/a. Further discussion of related parametrisations
occur in [125].

"This will be discussed in more detail in the next chapter.
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where Ly = il &+ Lo, L, = Q%-O'n and the o, are the Pauli matrices. Now we introduce the

Maurer-Cartan 1-form which takes values in the Lie algebra g:

J =g tdg € su(2),

with d denoting the exterior derivative. Using the Zs-automorphism we are able to decompose
J, as a vector space, into J = J(g) + J2). Then Jiy is the projection of the Maurer-Cartan

current onto g(g):

Joy = lg7 dgl(y = €™dX\y Ly + dA3Ls.

From this the metric is constructed as follows

dsty = —2Tr(J9)J(2)) = dA3 + €2 dAY.

The reason for constructing the metric using the trace of the Maurer-Cartan form is because
it is the only 1-form that, by construction, satisfies the Maurer-Cartan equation. This ensures

that our metric possesses and preserves the symmetries associated with the chosen Lie group G.

Comparing this metric to the metric in (3.8) allows us to show that the new coordinates ¥2 = A3,

x3 = Ay are related to 0, ¢ as follows

)
Il

= cosf4 + isinfy cos o,
sin ¢4 (3.19)
cot 04 +icosgy

Ay =e M ginh, singy =

In what follows we write e3 = eid:c“ = sinf,;d¢4 and so on for the original coordinates.
Then, underlined at indices will represent new coordinates: 22 = A3, 22 = A\,. This change of
coordinates preserves the volume form e? Ae3 = e2 Ae2 . By changing coordinates we change the
original real S? (with 6, , ¢, ) into a complex S2. When T-duality is applied to this exceptional
case we need to choose one of the new complex directions, together with the time-like direction
and two torus directions, in order to illustrate self-duality. Therefore, we choose to T-dualise

along Ay as our new complex direction.

The dual metric is given by

dz?
ds'yg, = —22dt* + —

-, ds@ = dX\j+ e PMdAT, (3.20)
z
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and a shift in the dilaton

AD =9" — P =log (ZC_M3> = log ( : )

cos Oy +isinfy sin g
Notice that the dual metric in terms of 64, ¢ is no longer real. To recover a sphere we need to

choose a new pair of real coordinates. Define 6, ¢’ by (3.19) with A3 replaced by —\s, i.e.

e = cos @ + isind’ cos ¢,
sin ¢/

Ap=————.
+ cot 0’ 4 icos ¢/

This returns ds’gJr = df"? +sin®0'd¢’. As before, in order to recover AdSy we need to invert the

radial coordinate by defining 2’ = 1/z which gives ds'j,q, = (—dt* 4 dz"?)/2".

For the fermionic T-duality we choose the following complex combinations

E1=FE1+iEy, & = —FEy+iFEs.

The constant Killing spinors £, which we input to get the E,’s are easy to find (using Mathe-
matica for example), but are rather messy to display here. These constant spinors are ordered
by the position of the first non-zero component where we have chosen the sign such that the

first term is positive:

(€)P =0 for B<a. (£)° >0 for B=a.

Then we use &1, & to calculate the matrix C'

C=-2i

.cos By +isinf cos 4 [—ei‘z’ sin 6_ cosf_ ]
z

cosb_ et sinf_

and find the change in the dilaton

cos Oy + isinf cos 4

A@z@'—@zlog(
z

) + log (—2i). (3.21)

which cancels the bosonic shift found earlier perfectly (apart from the constant which may be
absorbed).
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Considering the change in the RR forms, we notice that a 2-form has appeared

iy sin@y — i cos b, cos el Ne? +isingel Aed .
GO _ T a a( + + ¢>+) O+ VI ael A el
cos Oy +isinfy cos ¢

Rewriting the 2-form in the new underlined at coordinates simplifies the expression greatly. The
change in the 4-form AF® has real terms which precisely cancel the original F®*), as required.

It also has imaginary terms, greatly simplified by the new coordinates, and given by

Y F' = —j(ele3ebe® + eleBeTe?) + iva(—ele2ebe + ePe2eBe?) + iv/1 — aleledeted).

Acting with bosonic T-duality on F'® and F'® in the usual way and along the directions

(t =a% X\ =22, 27, 2%) gives

F/l(?) — 0’

F'4) — (eVelebe™ 4 efeleBe?) + Va(e2e3e8e® + e2e3e™e?) + V1 — a(—ete’e’e® + etePebe?).

The new at coordinates e’2, etc. are interpreted as being related to the new metric ds (3.20)
created by the bosonic T-duality. Thus '3 = ¢/~**3d\, # e2. Notice that ¢2 = —d\, = —e2
so that we preserve the volume form with this second coordinate change to the new coordinates
0 = 2?2, ¢ = 2% we write this as €2 A ¢’3 = e A e Thereby recovering the original flux £
in (3.9).

3.4 AdS; x M Backgrounds

Here we will start with the AdS3 x S3 x §3 x S! background immediately. The simpler cases
follow in much the same way as the simple cases for AdSs, and there is nothing new to learn
from them as a result. Also, the case AdS3 x S x T* was studied in [23] in the context of IIB

string theory. Hence the focus on the 0 < a < 1 case here.

The metric is given by

—dt? + da? + dz?
22

2
dspqs, =
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Figure 3.2: A summary of the T-dualisation process for AdSy x S? x S§2 x T*4.
which has accompanying spin connection components wyjpg] = wy21] = 1 /z. Following [?], we

use nested coordinates for the S3

ds?gi = df% + sin® 01 (dg3. + sin® pdip?)

with spin connection components wy, (349 = — 0864, wy, 35 = —cosbysingy and wy, 45 =

—cos ¢4. The flux is given by

F(4) :2(_F0129+\/&F3459+mr6789) (3'22)
— 4F0129(1 _ P)

as in [121], where the projection operator is

1
P= 5(1+\/a11012345+m11012678).

Notice that for a bosonic T-duality along the 22 direction, we return to fluxes considered in [127].
Furthermore, taking the limit v — 1 reduces this to the IIB AdSs x S3 x T* case studied by
O’Colgain [23].
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This background has 16 supersymmetries, giving us 8 Poincaré Killing spinors and therefore 4
complex directions along which we may perform fermionic T-duality. We arrive at a solution
E = 2_1/2R5+Rs_§ in much the same way as we did for the AdSs case. For AdS3 there is of
course an extra boundary direction x, thus we have 0;F = 0 and 0, F = 0. The p =t equation
then gives us the constraint £ = I'’"PE, and the u = z equation is identical. As before, the
1 = z equation is solved by E o z~V/2. Using PE = E, for u € S, we have

D, E = @FMFOB‘K’E
2

O+ 10145 P+ 34 Y4 a5
21 e ez

which is solved by a factor Rg, =e e . Similarly, for p € S_ we get

V1 —
DME — TQFMFOI(S'?BE

O— 10178 P— 167 Y= 78
S ez M e T

which is solved by Rg = e alone, since [, [ Rg | = [D,, Rs,] = 0.

The complete solution is

E¢) = % exp <€;I‘0145> exp ((b;I‘M) exp (1/);1‘45) exp (92_110178) exp ((Z_Fm) exp (12_1178> £

with constant & obeying

%¢ = pe=¢.

As mentioned earlier there are 8 of these spinors. We shall organise the orthogonal &, so that

(€)° =0 for f<a, ()F= % for B = a.

The commutativity relation (3.13) is only non-zero for p = ¢, :

Vi=—1, V"= -—Var?®0?@laxs — V1 — alaxs @0’ @ laxa.

After some trial and error, we arrive at the following complex combinations

51 :El—iEg, 52:E2+iE7, 53:E3—iE6, 54:E4+iE5.
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This choice leads to

C= C+(Z, 9+7 ¢+7 ¢+)C— (9—7 (b—aw—)

where

o;
Ci (2,04, 04, 94) = ZZSin9+(COS¢+ + isin ¢y cos )

is a number, and

—cg — i59Sg(Gcy + Vasy) —idicyse —vacgsg 5954 (v/acy — Gsy)
o — —idicyse is9sg(Giey — /asy) — co $05¢(vVacy + dsy) Vacgsg
—vacgsg s954(v/acy + asy) co +1s9sg(Giey — Vasy) 1QCySe
$956(vVacy — asy) Vacssg iy sg co — 189S (Gcy + /asy)

is a matrix with unit determinant. Here sy = sinf_, ¢y = cosf_, etc. Also, & = v/1 — a. The change in
the dilaton is then

94 .
AD = & — & = 2log 51n9+(cos¢++zsm¢+cosw+). (3.23)
z

As for the AdSs case with two spheres, we need to perform bosonic T-duality along some complex Killing
vectors in order to undo the shift in the dilaton. From the parametrisation of the coset element in [36]

we arrive at the metric

dsgy = dA3 + e*dN] — e*Pad)?.

Notice that this is the generalisation of (3.20). Next, dualise along Ay, A_ and two AdSs directions ¢

and z. Doing so gives us a shift in the dilaton of

AD = 3" — &' = 2log(ze” )

from which we read off

e = ginf, (cos ¢y + isinp cosih). (3.24)

This duality changes the the metric ds%3 to ds'S23 = d)\g + e*Qi’\Bd)\i — e%13d)\2 | The dual metric is no
+ +

longer real when expressed in the old coordinates 6., etc. So, just as before, in order to recover a sphere
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we must choose a different real slice given by 0’, ¢’ and ¢’ which are defined by (3.24) with A3 replaced
by —A3. That is, e~ = sin 6’(cos ¢’ + i sin ¢’ cosy)’).

Finally, we consider the changes made to the RR fields. The fermionic T-duality produces a 2-form
flux which, as for the AdS5 case, simplifies when written in the new complex coordinates. Again, using

underlined flat indices for the new coordinates, we write e2 = d\3. Then

AF® Z0T = |cot 0, e2e® + i(cos ¢>+'cos 1 + isin ¢'+.)eze4 — isintye?ed
sin 04 (cos ¢4 + isin ¢4 cos )y )

=2iv/1 — ae?e. (3.25)

For the 4-form flux

AF® — _ 9 /aedeled [ cot 0, ¢? + i(cos (.b+ costhy + 1 SiI.l (?+)e4 —isiny e’
sin 0, (cos ¢4 + isin ¢4 cos )
+ 2/aeetee? + 2v/1 — aebeeBe”® — 2eete?e”

- - 3,5 _ o 3.4
—1(COS COS 7 S11 e e’ — 181 e’e
4 2620 [cot 0, cle® + (cos ¢y cosyy + b+) Yy }

sin 04 (cos ¢4 + isin ¢4 coshy)

Notice that the terms on the second line exactly cancel the original F®). The first line contains e,
given by the square bracket, as in (3.25). The square bracket on the third line is just iee?, this is seen
by noting that the volume form for the underlined coordinates should be the same as for the original

coordinates, i.e.

ie3] A fie2 Aed] = (cot? 0, +..)e3 net Ae® = —e3 Aet Aeb.
+

Then, after the fermionic T-duality, the RR fluxes are

e® F?' =2iy/1 = ae?e® (3.26)
e FW' =2i/aee e2e? 4+ 2v/1 — aele’ede’. (3.27)

To get back to the original flux we bosonic T-dualise along ¢,  and Ay (i.e. directions 0,1,4,5) which

leads to
e FW" = 26016269 1 2\ /e 3e4e e + 2¢/1T — aebeeBe?.
Finally, we use that e3¢5 = e3¢ ed to write F(” in terms of the final set of real coordinates ', @'

and ¢’. Thus, recovering the original RR flux, (3.22).
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Figure 3.3: A summary of the T-dualisation process for AdSs x 83 x S% x T

3.5 Combined Bosonic and Fermionic T-duality: In General

This section deals with proving the invariance of AdS,, x S™ x M19=2" backgrounds (and their exceptional
extensions) under combined bosonic and fermionic T-duality without using the o-model approach. In
other words, this section generalises the treatment of these backgrounds, dealt with earlier on in this
chapter, by applying T-duality transformations directly to the supergravity fields. We consider these
geometries whilst being supported by various RR fluxes. This discussion extends the earlier results
in [16,22,23,101,107] to the whole class of AdS, x S™ x M1°~2" guper-backgrounds supported by RR

fluxes.

3.5.1 Rules for Fermionic T-duality
Killing Spinors

The component supergravity fields along the bosonic directions are T-dualised using the original Buscher
rules [12,13,129]. Generalising these rules to fermionic directions was given in [22]. Fermionic T-duality
acts on the dilaton ®(X) and the RR fields (which are p-forms) whilst leaving the metric and NSNS
2-form B flux invariant (see Chapter 2 for more details). In the fermionic case we dualise along directions
specified by Grassmann-even® Killing spinors, Z,,(X) (where p labels their number), that generate Abelian
superisometries. This means that the Killing spinors need to satisfy an additional condition called the

commutativity condition

8Grassmann algebras are examples of supercommutative algebras. These algebras may be decomposed into
even and odd variables which satisfy a graded version of commutativity. In particular, even elements commute
whilst odd elements anticommute.
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2,042, =0 forall A p,v with A=0,1,...,9. (3.28)

This condition has important consequences for complex Killing spinors; the only type of spinor for which
non-trivial solutions may be obtained. As a result, they are associated with complex Grassmann-odd

directions in superspace. The Killing spinor equations have the following form

1 1
(aM - ZQf;‘f*(X)FAB + SFS;‘,(X)FA) = =0,

1
—T4fT4E = 2
16 aF ; (3.29)

where Q42 (X) and £;(X) are the spin connection and the bosonic vielbeins of the 10-dimensional
background. Thus, the covariant derivative is given by Vs := 0y — 2Q4PT 4. The contribution to the
RR fluxes is given by F:

F= ,

€

e® (%FIE@FABFH + %FX%CDFABCD) type IIA
P
(

1411 (iF{TA0? 4+ FFG) DB 4 S5 FC) 0 ppTABPP0?)  type 1B

The Killing spinor equations in (3.29) are obtained by requiring that the supersymmetry variations of
the gravitino and dilatino vanish. They are also determined by the geometry of the background and the
chosen RR fluxes (see Chapter 2 for a detailed discussion). The second equation in (3.29) is used together
with the integrability requirement for the first equation in (3.29) to obtain a projector Pg(,_1), singling
out the 8(n — 1) fermionic isometries of the backgrounds of interest. Once this projector has been found,

the second equation in (3.29) is identically satisfied.

Fermionic T-duality Rules

As noted in Chapter 2, the main object of interest when performing a fermionic T-duality is the scalar
field C which is used to calculate the changes in the fields. We arrive at this matrix C' once we have
solved the Killing spinor equations which yield symmetry preserving Killing spinors. Then, after making

complex combinations of these spinors such that they satisfy (3.28), we are able to construct C' from

EJAVIEMFAFHEV type ITA

6MC;UJ = A= 3
EyELa0°2,  type 1IB

The matrix C' = C,,(X) is formed by the components of the NSNS 2-form B field along the Abelian

fermionic isometries (i.e. © = 0) [22]

6" A d6” B, (X, 0)|e—o := db" A d6” C,u (X), (3.30)
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where C depends on the bosonic directions X only. Once we have obtained C then we can find the dilaton

as follows

1
AP =9 — = 3 log (det C), (3.31)

and the change in the RR fluxes

AF = F' — f =82,u(C~ )" E T, (3.32)

where T is a certain product of I'-matrices which we use to split the fermionic E(*?) currents into four

pieces. This corresponds to splitting the superalgebra generator Q into @, Q, S and S respectively.

Background RR Flux T
AdSs x S° Iy flux 1
Ang X 53 X T4 Fg flux —P23
AdS3 x §% x §3 x St F3 flux -T2
AdSs x S3 x §3 x St Fy flux ['239
AdSy x 8% x T® F3 flux —I23
AdSQ X Sz X T6 FQ & F4 fluxes F11F123
AdSy x 8% x T® Fy flux rt
AdSy x S% x S x T* F, flux 239

Table 3.2: Table displaying the I' corresponding to each background and their various fluxes.

Explicit Form of the Killing Spinors

Berkovits and Maldacena describe a direct way to find the explicit form of the Killing spinors associated
with the anti-commuting fermionic isometries along which we dualise the supergravity fields [22]. This
method suggests extracting the form of the Killing spinors directly from the corresponding components of
the fermionic currents Jg associated with the generators @ of the superisometry algebra. By definition,
the Killing spinors must satisfy the commutativity condition (3.28) and the Killing spinor equations

(3.29). Concretely, the Killing spinors are given by the components of the matrix JZ(|y|, y%, A3) in

Jo.le=o = d0" I (lyl.y, Xs) = d0"e BQuePlg ,_ —o = dO¥ZL, (3.33)

where
B 1= 0" QatE"Sa |y D=aLa =L R (3.34)

Note that ® = 0 implies that we consider components proportional to the generators of our isometries.

The commutativity condition is obtained by differentiating (3.33) (using the exterior derivative) to get
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0=d=, + e Pde®, =100,

e PdeP oo = Q% (y/ly)) Ryy + Ip(ly))D + Jry(As)Ls.

Note that the index u labels a given Killing spinor. From the structure of e (3.34) and the commutation

relations

1
[Da Q] = 5@7
82
[R[la Q} = 75QI‘&F4P7

[L?n Q] = %Qa

we have the following explicit form of the Killing spinors in question®

22 = J(lyl v, As) = [yl "2e2 0% (4 /|y]), (3.35)

where O%(y"/|y|) == (espp@myd/@‘y'))fj is a Spin (n + 1) matrix associated with the coset s” &= SO(n +
1)/SO(n) and P := P, Pg(,,_1) is the projection matrix that singles out the 2(n — 1) anti-commuting
isometries Q = QP for each case of AdS,, x 5™ x M'0=2"_ The projector P4 is given by Py := %(1:|:i1"0123).
By definition,

o'r,0 =1,P. (3.36)

The structure of the scalar field C,,, can be read off from (3.30) to give

BHV|®:O = ZJZFi(;JS“y‘,y’)\?)) = C;uw

The explicit form of the matrix C' can be found using (3.35) and (3.36). Then,

9The coset representative for AdSs x S? x T is obtained from the representative for AdSs x % x % x T* by
taking the limit ¢ — 0. To do this, rescale the coordinates A — ¢\, A3 — c)3, and pg — spg finally taking the
limit ¢ — 0. Performing this limit makes the metric of the second sphere become flat. This decouples the sphere
from the AdS, x S? subspace. As a result, it re-compactifies into a T2 which then forms the required T° for the
AdSs x 8% x T® background.
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Chp = iJ)TA5T0,
=i (ol 2er0p) 1 (ol Her0)),
= ily| 7'’ (OT10) 0,

= ily| 7'’ (DP) o, (3.37)
and the inverse is given by
(C~H)P = —i|y|~teleAs (PTH)Hv, (3.38)
From (3.37), the dilaton shift is
AD = %log (det C) = —(n —1)log|y| + i(n — 1)cAs. (3.39)

Notice that this dilaton shift has the exact form of all the cases studied so far. The change in the RR
fields is found using (3.38)

AF =8J,(C™ 1M ], = —8&iPT'T = —(1 + i3 (3.40)

in terms of I'. Thus, (3.40) is the change in RR fields after a fermionic T-duality transformation for any

of the cases dealt with thus far.

Explicit Form of the RR Fluxes

Here we consider the change in the RR fluxes (3.40) supporting the exceptional backgrounds, AdS,, x
S™ x S™ x M1'0=3" For n = 3, we have AdSs x S x 52 x S! and we may consider the type IIB theory
supported by an Fj flux!'®

Raas 6 b o, Rag
€sae" N e’ Nef +

S ! ’ ’
8c/b/a/€a /\eb A €€ ),
R R

1
Fy = g(scbae“ AeP Ae +

In this case I' = —I'*? as in the non-exceptional (o = 0) case. This supergravity background arises due
to the intersection of D1-branes and D5-branes [130]. The solution preserves 16 supersymmetries. If
instead we chose to dualise along the ¢°-direction (or the S'-coordinate), then we would arrive at a type
ITA background supported by an Fy flux [121]

10The radii for each subspace have the following values: Rags = 1, R+ = 1/y/a, and R_ = 1//1— a.
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Raas Ruqa

ap boa e S a’ b’ e
€ia€ ANe Ne” + Ecbrar€ NeE Ne ),

1
Fy=d¢’ A —(ecbae® N e® Aef +
3 N -
where I' = I'?3? and we use the projector P16. This supergravity background arises due to the dimensional
reduction of the eleven-dimensional AdS3 x S3 x S3 x T? solution and it represents the near-horizon

geometry of two Mb5-branes and an M2-brane which intersect over a line [131].

For n = 2, the exceptional case has the same F) flux as the o = 0 case. Here, we have a rank-8 projector
which may be decomposed into a product of two rank-16 projectors as in [121], i.e. Pg = Py P,. This
solution is obtained by dimensional reduction of the eleven-dimensional AdSs x 52 x 82 x T solution and
it represents the near-horizon geometry for the intersection of two M2-branes and four M5-branes [132].
Re-numbering the Fy flux components in accordance with [121] such that 0, ..., 3 represents the directions
along which we dualise (with 2,3,8 and 9 the T* directions). Parametrize one of the spheres by 7 = )3

and 2! = A\, and the second sphere by z° and x°, then we can write

¥y = 4P T2,

with

1 1
P, = 5(1+F9238), Py = 5(1+\/aro47123\/mro45698)7

where I' = 239, In all the cases considered here, the shifts (3.39) and (3.40) are undone, precisely, by

the corresponding bosonic T-duality.

3.5.2 Compensating Bosonic T-duality

In Chapter 1, we discussed how the complete Buscher rules for the bosonic case form part of a larger
O(D, D) symmetry group. It is this group that forms the basis for generalized geometry [133]. In the
cases that we have considered, the antisymmetric NSNS B field vanishes and the metric is diagonal, this
greatly simplifies the rules. Let Z be the set of directions along which we dualise, the new metric has the

following components

1

G, =—
tt ’
Gtt

tel,

and remains unchanged in all other directions. The dilaton shift is given by the determinant of this block

of the matrix

1 1
AP = —§1og (det Gun) = ~3 Zlotht.
tex
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Finally, we can write down the change in the RR fields as

P (1)

tel

where ¢ refers to at directions here, F' is the result of the fermionic T-duality, and

i t=0
1 t#£0.

Note that for a non-trivial dilaton extra factors need to be included, this was dealt with by Fukuma et
al. [81]. Time-like T-duality results in imaginary forms [83], however, the overall sign appearing after
performing combined T-duality is not physical. It only depends on the order in which we apply our

dualities.

Concerning the backgrounds under consideration, the bosonic T-dualisation was performed along the
directions labelled by ¢ = {0, ...,3}. The T-dualised RR fields are then

F” _ —iF0123F1.

On substituting this back into J "= J + AF with the shift AF coming from the fermionic T-duality, we
find that the combined bosonic-fermionic T-duality leaves the RR fields intact, i.e. J "= A '. Thus these
backgrounds are T-self-dual.

3.6 Summary

This chapter considered type II supergravity backgrounds AdSy x S? xT°¢ and AdSy x Sf‘ﬁ x 8% x T10=34 for
d = 2,3, including a general treatment of all the less supersymmetric backgrounds simultaneously. These
backgrounds are interesting because they are not maximally supersymmetric, unlike AdS5 x S®, which has
been widely studied. Furthermore, their self-duality has not been thoroughly studied in the supergravity
context. These backgrounds have, however, been studied (in various ways) using coset o-models. We
have shown that these non-maximally supersymmetric backgrounds are self-dual under a series of bosonic
and fermionic T-dualities. It is important to stress that it is not possible to avoid performing bosonic
T-duality along some of the torus directions, and for the exceptional cases (i.e. S; x S_) we have to
bosonic T-dualise along some complex Killing vectors along one of the spheres. Furthermore, these self-
dual backgrounds are integrable. This is a useful fact as it provides evidence favouring the proposed link

between integrability and self-duality.



Part 111

Green-Schwarz o-model

99



60

Introduction to Part 111

Part IIT contains the body of original research focusing on the o-model perspective. The goal is to investi-
gate whether backgrounds possessing less than maximal supersymmetry are self-dual under a sequence of
bosonic and fermionic T-dualities. Two ideas are present in the part. In particular, we consider the AdS
backgrounds of the form AdSg x S x T19724 | (d = 2,3) and AdSy x S x S¢ x T10=3¢ (d = 2,3). Then
we prove that AdSs x S° is self-dual without fixing k-symmetry gauge. To understand where x-symmetry
plays a role, it is helpful to recall the bosonic string worldsheet. There, we quantize the fields X* using

oscillators that satisfy the following commutation relations'!

[, af] = dpn™.

Notice that the zero modes (i.e. p = v = 0) are negative norm states. These states are undesirable and
can be removed through use of the gauge symmetry. Conformal symmetry is part of the gauge symmetry
which we use to remove negative norm states. Moving onto the superstring, we find that negative norm
fermionic states arise as well. To remove these negative norm states we need a larger gauge symmetry
(as there are more degrees of freedom). This gauge symmetry is called k-symmetry and it removes
half of the fermionic degrees of freedom!2. This new symmetry plays an important role, as we will see,
when studying the self-duality of backgrounds that may be written as a graded coset structure (i.e. the
supersymmetric cousin of a bosonic symmetric space [36]). The study of AdSs x S® was greatly facilitated
by the observation that the Green-Schwarz action for this background could be written as a Z4-graded
coset!3 [126,138]

PSU(2,2/4)
SO(1,4) x SO(5)

The motivation for studying string theory directly, using worldsheet methods, arose shortly after the
AdS/CFT correspondence between type IIB string theory on AdSs x S® and N = 4, D = 4 super
Yang-Mills theory [6,139-142] was described. This provided an opportunity to prove that AdSs x S°

was an exact string solution, to write down the corresponding 2-dimensional conformal field theory and

HHere we assume a mostly plus metric.

12The existence of k-symmetry first appeared in superparticle actions in [134-137]. Kappa-symmetry is a gauge
symmetry, larger than the conformal group, which is used to remove negative norm bosonic states. Then, k-
symmetry removes negative norm fermionic states. However, the term k-symmetry was not used in the original
references, being introduced later by Townsend [108].

13The special projective unitary group PSU(N) is the isometry group of a complex projective space, just as
the projective orthogonal group is the isometry group for real projective spaces.
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to find the full string spectrum [138]. This idea (of using coset structures) has been used heavily in
integrability [143] and attempts to understand fermionic T-duality, for example: Beisert, Ricci, Tseytlin
and Wolf [21] work entirely with the coset action, gauge fixing a particular x-symmetry at the start.

They found that the dual o-model amounts to a different choice of k-symmetry gauge [36].

The two formulations both have their strengths and weaknesses. The main advantage of using the
RNS formalism is that quantization becomes straightforward since the action is free!* in a flat back-
ground [118,118]. There are three important disadvantages. Firstly, the RNS formalism cannot describe
superstrings on backgrounds with RR fields present because the RR vertex operators become complicated.
Secondly, the symmetry of the spectrum is not manifest. Finally, the extension of the RNS formalism
to curved spacetimes is not obvious because there is a lack of spacetime covariance [108]. The GS for-
malism does allow a covariant extension to curved backgrounds through the existence of k-symmetry.
Furthermore, the GS superstring action may be defined classically in any background satisfying the su-
pergravity equations of motion [118]. For background fields satisfying these equations of motion, the
GS action is classically invariant under x-symmetry, which is required for the removal of non-physical
fermionic degrees of freedom. The main disadvantage of the GS formalism is that quantization becomes
nontrivial [145,146]. It is important to stress that in the GS formalism s-symmetry invariance requires
that the background fields are on-shell'®, whereas for the RNS formalism it is quantum Weyl invariance

that ensures this self-consistency condition [108]. This is illustrated in Figure 3.4.

Curved Background

[ RNS Superstring ] L GS Superstring j
[ Weyl Invariance ] ( K-symmetry invariance j
[ Vanishing S-function ] ( Superfield Constraints ]

( On-shell Supergravity J

Figure 3.4: Different superstring formulations require curved backgrounds to be on-shell [108].

Consider, for the moment, the maximally supersymmetric background AdSs x S° which is supported by
a (Hodge) self-dual RR 5-form flux. As a result, following the discussion above, the RNS formalism is
not useful in a straightforward way'6. The GS formalism, being manifestly supersymmetric, appears to
be sufficient for non-vanishing RR fields [115]. Although the formal expression for the GS superstring
action (in superspace) for a generic type IIB background was presented in [116], it is not very practical for
finding the explicit form of the superstring action in terms of the coordinate fields (X, ©)!7. The maximal

supersymmetry of the AdSs x S® background suggests that an alternative approach is needed, one which

1By free we mean that the action does not possess any interaction terms.

5By on-shell we mean that the supergravity equations of motion must be obeyed. Since supersymmetry relates
bosons to fermions, it means that you can turn any bosonic intial condition into a fermionic intial condition,
implying equality of the number of degrees of freedom for the bosonic and fermionic fields.

16 Although the non-local RR, vertex operator is known in flat space [114], it is insufficient for describing the
complete form of the RNS string action in curved backgrounds

7For a bosonic background, the corresponding D = 10 type IIB superfields need to be determined explicitly.
This is a very complicated problem, not yet solved for any non-trivial cases.
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exploits the special properties of this solution [117]. Over a decade ago, such an alternative approach
to constructing superstring actions was developed, which combines the advantages from the RNS and
GS formalisms [118] (see also [119, 120]). Following the RNS approach, our action reduces to a free
action for a flat background in which quantization becomes straightforward. This hybrid approach uses
spacetime spinor variables as fundamental fields, as in the GS formalism, allowing for simple RR vertex
operators [118]. The hybrid formulation is not without disadvantages either, namely, 10-dimensional
Lorentz invariance is no longer manifest [118]. For an alternative approach, see also the Pure Spinor
Formalism by Berkovits [171].

Chapter 4 uses a general approach, where we verify the self-duality of Green-Schwarz supercoset o-model
AdSs x S° without gauge fixing k-symmetry. However, we start with a very general introduction to the
most important concepts used throughout Chapter 4 and 5. Furthermore, in Chapter 5, we also consider

superstrings on the exceptional backgrounds AdS; x S% x S? for (d = 2, 3).
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Chapter 4

Supercoset Models

4.1 Introduction

This chapter introduces the techniques used to show T-self-duality using coset o-models. We begin with
a very gentle introduction to the coset geometry of the S manifold. This allows one to introduce graded
Lie algebras, coset representatives and the currents that will build our Lagrangians. Simple examples are
provided to help expose concepts and permit intuition. Then, we provide a more formal introduction to
supercoset models and the general setup we will be using, including the T-duality procedure. Finally we

consider the example of AdSs x S°, an exciting example with important consequences for self-duality.

4.2 The Coset Geometry of S°

As an example, we consider the coset geometry of the 3-sphere, S3, as a warm up which will lay bare
the techniques used throughout this chapter. Since the rest of the chapter is technically dense and very
messy to write down, this section will also serve an introduction to the methods used and will provide
some intuition. The backgrounds considered in Chapter 3 are called symmetric or at the very least

semi-symmetric spaces. Spaces of this nature may be described by a coset

G
— ={gH
7 = l9Hlg € G},

where G has the interpretation of being the isometry group and H is the isotropy group'. The key idea
is that any Lie group may be described by a manifold. The elements of the corresponding Lie algebra
(i.e. the generators of infinitesimal transformations) are the tangent space elements which generate

transformations along the flat directions (i.e. in the tangent plane)?. In the end, the curved coordinates

IThe isometry group captures all symmetries for which the given metric space will be invariant. The isotropy
group forms a subgroup of G that fixes a given point on H. The group is given by H = {g € G|gh = h}.

2Roughly speaking, the group H is “divided” out, meaning that the symmetries of the group H do not affect
the overall geometry of the S and therefore the metric.
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on the manifold are related to the flat coordinates on the tangent space by the wvielbein:

dy® = e, dz",

where the vielbein components are e,*. The Latin indices represent tangent space directions whilst the
Greek indices represent curved directions. The 3-sphere, S, is a symmetric space and may be described

by the following coset?:

This means that g ~ gh (i.e. they are equivalent) for all h € SO(3) and g € SO(4)/SO(3). Points on
S3 correspond to equivalence classes of the coset SO(4)/SO(3), and not to the elements g. However, we
may also represent each point on S® by an SO(4) vector. Transformations in the SO(4) group rotate
points on the S3 to other points on the S3. One might ask why the 3-sphere is not fully described by
the SO(4) group. The reason is that, at each point on the curved manifold S, there exists a tangent
space. The tangent space at point p on S® consists of all rotations about p, which are described by SO(4)
vectors. Therefore, there is an entire set of rotations, in the tangent plane at any p, which leaves the
vector at that point unchanged with respect to the global S3 geometry. This is why we need to remove
the degrees of freedom which are equivalent to rotations in the tangent space, to remove redundancy, and
accurately capture the geometry of the 3-sphere. Cosets are the objects which allow us to do precisely
this: they allow us to remove unwanted degrees of freedom. Furthermore, this is the reason that points
on the 3-sphere are described by equivalence classes. Note that the 3-sphere is invariant under the action
of the SO(4) group [147].

The 3-sphere may be parametrized by a 4-vector, (o, ). The scalar fields, (o, ¥), transform as an SO(4)

4-vector and are subject to the constraint [147]

0?4+ 7.0 =R

In many cases, however, it is more useful to define a set of boosts (which are SO(4) transformations), L,
which send a given reference point (o, ) = (R, 6) into a general point. To illustrate this action explicitly,
we choose a representation of the SO(4) group, writing the transformations as 4 x 4 orthogonal matrices:
Oup(p) for all p € SO(4). This is given by

0 =0y4 (L{;)R
(% 1014(L17)R7

where are indices run over (4,1,2,3) with ¢ = 1,2,3 only. As an example, consider spherical polar

coordinates. Then the point (o,7) = (R,0) gets transformed into

3In general, any n-sphere can be written as S™ = SO(n + 1)/S0(n).
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Rcosf R
Rsin 6 cos ¢ 0
Rsin#sin ¢ cosp “lo
Rsinfsin ¢ sin 0
when we choose L to be
Ly = e”Whasemidlazp=i0Llar (4.1)

It must be noted that there is an arbitrariness in the choice of the operators Li*. In this example we
used spherical polar coordinates, but some other transformation may be used, the important feature is

that any choice of operator must satisfy the algebra

[Laﬁa L'y5] = 5ﬁ'yLap - 5a'vLﬁp + 5apLﬁ'y - 5ﬁpLa'y>

where the operator L,g = —Lg, is the generator of infinitesimal rotations in the a3-plane. Notice that
the coset representative (4.1 )contains the generator Ly1. This might seem odd at first since, for the
2-sphere, the infinitesimal generators were in the planes perpendicular to the chosen direction. Here we
have fixed the direction 4 and so we might expect to have planes orthogonal to the 4-direction. But
two things are happening. Firstly, in 4-dimensions orthogonality does not look the same as it does in
3-dimensions (i.e. our intuition may get us into trouble). Secondly, we might have chosen the following

transformation

R
Rsin 6 cos ¢
Rsin 0sin ¢ cos v
Rsinfsin ¢ sin

=Ls

o o o9

Notice that the 4-direction remained invariant. For this case we would certainly have a very different Ly
as compared to (4.1). However, given that our choice transforms our 4-vector to a general 4-vector where
the 4-direction depends on one of the SO(3) coordinates 6, it is therefore, not unusual that it appears in
(4.1) alongside 6. There is another instance where arbitrariness arises. In four dimensions we have the

following planes

41 42 43
M 12 13
24 20 23
M 3 37

4This point is often glossed over in the main body of the literature. Another way make this point clear is to
notice that, choosing a coset representative is not unique. There is always some arbitrariness.
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where the crossed out planes are repetitions (i.e. 14 <> 41). From the third row only plane-23 remains,
so it appears in (4.1). The second row has two options, the 12-plane or 13-plane. Only one of these need
to be chosen, either choice will work and we have chosen the 12-plane. The first row presents the most
options. Here we have the 4i-planes (i = 1,2,3) to choose from. Again, either choice will satisfy the

algebra. We have chosen the 41-plane.

Explicitly, an SO(4) transformation may be written as

cosf 0 0 siné
o—i0La _ 0 1 0 0
0 0 1 0

—sinf 0 0 cos@

Applying an SO(4) transformation, T, to the 3-sphere will carry the point with coordinates (6, ¢, 1) into
the point (0',¢’,’). In general, the coordinate transformation is given by

Ous(Ly) = Oap(T)Ops(La) = Oas, (T Lz)

where Oqp is a 4 x 4 orthogonal matrix and O,4 and Ogys are column vectors. For an orthogonal

transformation in the 123-subspace (i.e. S € SO(3)), we have

Oa4 (S) - 5alpha4 .

As a result, we may write

Oau (L%S) = Oau (gL%),

which implies that gLy = LS (because gLy and LS have the same representation). Since we can find

L. once we know what (¢, ¢',1)’) are, the SO(3) transformation

S =L;'TLg,

becomes well defined [147]. The coset formulation gives a well defined geometric description from which

geometrical objects, like the metric and vielbeins, may be found using group theory.

To compute the basis vectors for the 3-sphere consider the differential [147]

J=L;'dL;. (4.2)
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where J € s0(3) and d is the exterior derivative. This might seem mysterious at first glance, therefore

let us first consider the following example.

Example: Translations

Suppose we want to do a translation along the z-direction from x to z + a. Then the function f(z)

becomes f(x + a). The transformation may be written as

T(a)f(z) = *3 /@ = f(z + a),

where €437 is an element of the group of translations and % is the generator of infinitesimal translations,
which lives in the Lie algebra of the group. The transformation is parametrized by a. In general, we have

the following

def (@) — ef(x)df,

where, in the case of a translation this becomes

d (ea%> = e%%: da ((;1) .
9

The Lie algebra element is - , the infinitesimal translation is da and the group element is %35 . Then

we can write

Ox
Notice that this last equation has the same form as the differential in (4.2). It tells us that the left hand

side produces an infinitesimal translation da along the x-direction (right hand side).

e™95% de"?r = da (8) .

This differential has a special name, it is called the Maurer-Cartan 1-form, and is special because it
satisfies the Maurer-Cartan equation. One-forms satisfying the Maurer-Cartan equations may be used to

construct a metric that preserves the isometries of the Lie group. Computing (4.2) we find

J =L 'dL;
—i0La1 yid Lz it Las g, —ivLas ;—idL1z ,—i0La1
=—dfLsy; — dop(L12cos6 + Lys sin0)
— dyp(Laz cos ¢ + (Ly3 cos @ — Lyzsin @) sin ¢)
=—dfL4y — dpsin@Lys + dip sin @ sin ¢pLys
— d¢pLis — di cos ¢Los + do cos 0 sin ¢ L3, (4.3)

From the expression for J we can extract the following coefficients
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41 42 43
0 —1 1 1

€, = ¢ 0 —sinf 0 (4.4)
P 0 0 sin 0 sin ¢

where the labelling of rows and columns is indicated [147]. The elements in (4.4) are precisely the
components of the vielbein e, dz*. Note that small displacements are generated by the generators which
are Lie algebra valued. These generators are labelled by the plane (ij) that they rotate in. Thus, (4.4)
tells us which generator generates a given small displacement. As an example, making a small rotation
in the 41-plane means you will change the value of §. From the vielbeins, we can write down the metric

as follows

ds® =(dfeg + dped + dipes))?
=df* + sin 02d¢? + sin 62 sin ¢ dep? (4.5)

which is expected for S3 in polar coordinates.

4.3 The General Setup

In this section we recall some basic facts about superstring coset o-models. We also lay the foundation
required to study the T-dualisation of these o-models. The Green-Schwarz action of a superstring that

propagates in a 10-dimensional background is given by [116]

S = —% / (€4 NEPNaB + 26By), (4.6)
b))

where T' denotes the string tension, ¥ represents the 2-dimensional worldsheet with curved metric hpq(7, o)
having Lorentz signature such that the corresponding worldsheet Hodge duality operation x squares to
one (#> = 1) when acting on 1-forms®. The £4 = £4(X,0) are vector space supervielbeins for all
A,B =0,...,9 where (X,0) are target space coordinates (10 Grassmann-even (or bosonic) coordinates
X and 32 Grassmann-odd (or fermionic) coordinates ©). The metric nap is the 10-dimensional target
space Minkowski metric. Additionally, there are spinor supervielbeins £¢ = £%(X, ©) for a,6=1,..,32
which also describe the geometry of the full 10-dimensional superstring. Finally, Bs is the NSNS 2-form
flux and we consider models for which By has vanishing field strength at © = 0, or dBs|e—o = 0.

We want to study backgrounds which are symmetric or semi-symmetric® . These manifolds M may be

described by a coset

®In local coordinates (i.e. (7,0)) on o, €4 A EF = /= det hsh*1EL N EE
6Semi-symmetric backgrounds have vanishing NSNS flux and a Lie algebra which admits a Zs-grading with
accompanying automorphism Q : G — G and fixed point set H. This means that Q* =1 and Q(H)=H.
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’ Zy4-graded Coset Superspaces

Background Type | d | Superspace Coset ny +ny
5 | AdSs x 5° sy 10 + 32
a=0 3 | AdS3 x §3 PSUCLAZIPSULIE) | 6+ 16
2 | AdSy x S? SHSva 4+8
3 | AdS3 x §3 x §3 | jpegeppeiy [ 9416
0<a<l 2 | AdSy x S* x 5% | ol - | 6+8

Table 4.2: The cosets corresponding to the various backgrounds for 0 < o < 1. Here ny and ny
are the number of bosonic and fermionic coordinates, respectively.

as mentioned in the previous section. The Green-Schwarz action describes a semi-symmetric space,
therefore, it admits a Zs-automorphism and there exists a truncation of the Green-Schwarz action to a

supercoset o-model”.

4.3.1 Maurer-Cartan Forms and Z,-graded Coset Superspaces

The Zgs-automorphism (or grading) Q : G — G induces an automorphism on the corresponding Lie
superalgebra g of G, which we will also denote by Q : g — g. This automorphism implies that we may

decompose the Lie algebra g as follows

9= g) T 9a) T 9@ +93)-

As a result, the eigenspaces of may also be decomposed as follows

Q(‘/m) = Z‘mvr(m) for Vr(m) € 9(m)-

The Lie algebra g contains the generators which generate all possible transformations that leave the
metric invariant. The superalgebra elements satisfy the commutators: [g(m), g(n)} C 9(m+n mod 4), Where
g(0) is the Lie algebra of H. Table 4.2 contains all the Z4-graded coset Superspaces considered herein.
Note that the d = 5 coset describes the full superstring. For d = 2,3, the cosets listed in Table 4.2
describe those subsectors of the full superstring theory in which the non-supersymmetric fermions have

been removed.

There is also a Zs-grading on g because we are dealing with a superspace and this means that we have
both bosonic and fermionic generators. This divides all the generators into two subgroups, one containing
the bosonic generators gy and g(s), and one containing the fermionic generators g(;) and g(3y. For a

detailed discussion on the general properties of the Lie superalgebra associated with the Lie supergroups

"For backgrounds which posses at least 16 supersymmetries, their corresponding o-model can be viewed as a
k-symmetry gauge fixing of the full superstring.
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considered in Table 4.2, see [148].

To define the Maurer-Cartan form we consider maps of the form g : ¥ — G from the 2- dimensional
worldsheet Riemann surface ¥ onto G. Then, we introduce the pull-back® to ¥ via g of the Maurer-Cartan

form by

J =g tdg,

where the exterior derivative is given by d and in our conventions it acts from the right. By construction,

J is a g-valued differential 1-form, which satisfies the Maurer-Cartan equation

dJ—JNJ=0.

The Maurer-Cartan Equation

We constructed the general Maurer-Cartan form J to satisfy the Maurer-Cartan equation. In this aside

we show how this can be proved. Start with the definition

J = gildg

and take the derivative

d(g'dg) =dg~" Ndg+g~'d’g = —g~'dgg~' Ndg = —g~'dg N g~ dg

which is just dJ = JAJ = dJ + JJ =0 and we used that dg' = (¢~ 'dg)g~" and d?g = 0.

To gain some intuition about why J is a 1-form, consider the following. We may write

J =g 'dg = fudz"

where the f,, are the components of the one formJ. Because d is an exterior derivative, J is a 1-form and
under a change in coordinates, f,, transforms exactly like something with a lower index should. However,
it deserves a special name because it is not a number. It is an element of the Lie algebra g, that is,
a matrix. These forms are called Lie algebra valued (one) forms. Then pullback in the usual way, for

example, if z# are spacetime coordinates and o are the worldsheet coordinates, then

ozt
fA = fﬂ?

8Roughly speaking, suppose you have a map defined by ¢ : X — Y and f is a form defined on Y , then the
pull-back ¢ (f) : Y — X is the form on X whose value at z € X is the value of f at ¢(z) € Y. That is, the form
on Y defines a form on X.
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The 1-form J is invariant under global left G-transformations® gog — ¢ for go € G. The Z4- automorphism

Q : g — g allows us to decompose J into the eigenspaces of 2 according to

J = Joy) +Ja) + J@) + Jz), with Q(J(m)) = imJ(m).

The map 2 is the set of all Z, transformations. Hence, the algebra can be thought of as a vector space
and as a result the algebra may be decomposed into the eigenspaces of the map 2 as shown above. This
is equivalent to a matrix acting on some vector space where you are able to use the eigenvectors of the
matrix as a basis. Under local right H -transformations!® gh — ¢ for h € H, the J(oy term is a g(g)-valued
connection 1-form (i.e. J(o) € Lie(H)). The H-transformations do not move physical points around in the
spacetime (i.e. recall that these are transformations in the tangent space at each point which therefore

leaves the point invariant with respect to H). Therefore, there is some redundancy in this description.

Using bosonic and fermionic supervielbeins.J(,,y where m = 1,2, 3, the supercoset action may be defined.

It has the following form

T
S = —T/ ﬁg/H = —5/ Str(*J(g) A J(Q) + J(l) N J(3)) (4.7)
b b))

where Str denotes the supertrace. It is compatible with the Z4-grading

Str(v(m)v(n)) =0 (4.8)

for Vi;n) € g(m) and m +mn mod 4. For the non-exceptional cases, the relative coefficients of the two
terms in (4.7) are fixed by x-symmetry. However, for the exceptional cases these coefficients are not fixed,
therefore lacking r-symmetry invariance [125,149]. Instead, the coefficients are fixed by integrability
conditions belonging to the respective o-model. Comparing (4.7 ) to the Green-Schwarz action in (4.6)
we can see that the Wess-Zumino term in (4.7), i.e. the second term in the action, is given by Bs in (4.6).
Thus

1
By = §Str(J(1) A J(g)).

The g(g) - valued forms are scalars (or invariant) under the ZZ4 - automorphism because the automorphism
takes G into G' and g(gy € H. Therefore, these are the Lie algebra elements that generate displacements

in the coordinates, for example. These elements form the connection and transform as follows

J(O) — h_lJ(O)h + h~tdh.

The J(,y,)’s for m = 1,2, 3 transform adjointly as follows

9By global we mean that we use the same G transformation at each point on the manifold.
0By Jocal we mean that a different transformation is applied at each point on the manifold.
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Jimy = B iy he

These Lie algebra elements do not generate coordinate displacements, they act more like internal symme-
tries. The physical fields will take values in the coset superspace G/H = gH|g € G, thus the corresponding
action (geometry) must be invariant under such local H - transformations. This is a reminder that the
H- transformations do not move physical fields around. In turn the action may only contain Ji,,, for

1 in order to return an action

m = 1,2,3. These are precisely those terms that combine to form Casimirs
with the correct symmetries for the problem being studied. The coset removes all trivial rotations (i.e.

those leaving a point invariant).

The coset G/H is parametrised by dj bosonic local coordinates X and d; fermionic local coordinates ¥,
where dp + dy = dim(G/H) = dim(G) — dim(H). The maps considered here are

(X,9): % — G/H.

The bosonic supervielbein is given by J;(2) whilst the fermionic supervielbeins are given by J(1) and J3).

4.3.2 Choosing a Zs-grading

The Z4-grading and its decomposition into Abelian sub-isometries must be chosen with care. If an
inappropriate choice is made one cannot successfully apply the T-duality transformations. Thus, making
the proof of self-duality complicated, if at all possible. To write down the grading first decompose the
R-symmetry generators into R = (R, R2)) with Ry € g(0) and R(2) € g(2). Then the Z,-grading we

use is written as follows:

80) = (P+ K, M,R)), 8 = (P—K,D,Ry))
0= (Q-50-9), g5 =Q+S5Q+S9). (4.9)

The specific decomposition of R will be discussed in the next section. The sub-algebras gy and g2

contain bosonic symmetry generators, whilst g(;) and g(3) contain the fermionic symmetry generators.

4.3.3 Schematic Form of the Superconformal Algebra

The T-dualisation of the action (4.7) is performed along some bosonic and fermionic directions. These
T-duality transformations correspond to an (anti-) commuting subgroup of isometries belonging to the
underlying supercoset space. These isometries are identified through a choice of basis obtained from

the Lie superalgebra g of G. Associated with this basis is the superconformal group on the Minkowski

1 Casimirs are combinations of Lie algebra elements that commute with everything else in the Lie algebra. For
example, consider SO(3). Here, the algebra is made up of {Ls, Ly, L.} and the Casimir is L - L.
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’ Symmetries and their Generators

Symmetry Generator | N Type
Translations P d—1 RL4—2
Lorentz Boosts | M %(d —1)(d—2) | RM2
Conformal K d—1 RL4-2
Dilatation D 1 RL4-2
R-symmetry R 2 AdSy x 57
Fermionic Q,Q,S,S 2(d—1) AdSy x S¢

Table 4.4: Symmetries and their number of associated generators, V.

conformal boundary, R™"2) of the AdS, space [36]. We may describe the basis for g schematically as

[P.K|]~D+M, [D,Pl~P [D,K|~K, [MP]~P
[M,K]~K, [M,M]~M, [R R]~R, (4.10)

where we have chosen not to display vanishing commutators.

In the superconformal extension of (4.10) we find the fermionic generators listed in Table 4.4. These are
the complex supersymmetry and superconformal generators [36]. The hatted and ordinary generators

are related by Hermitian conjugation. The non vanishing commutators are given, schematically, by

D,Ql~ Q, [MQ ~Q, [KQ ~ 5, [RQ ~Q+aQ,
[D,S] ~ S, [M,S] ~S, [PS ~@Q, [RS] ~ S+al, (4.11)

and similarly for the hatted generators. The anti-commutators are

{Q.Q} ~ P, {58} ~ K, {QS8} ~aR, {Q,S} ~ aR

. (4.12)
{Q,S} ~ D+ M+R, {QS} ~D+M+R.

Note that the « in the above (anti-) commutators is precisely the same one appearing in Table 4.2. The
non-exceptional cases are obtained from the exceptional cases (i.e the last two entries in Table 4.2) by
taking the limit o — 0. Therefore g = (P, K, D, M, R, Q, Q, 5, S’)

4.3.4 Coset Representative and Associated Current

For the non-exceptional cases (o = 0), the form of the supersymmetry algebra (4.10), (4.11) and (??)

12

imply that the generators P and the complex supercharges ) are in involution'*. Thus, the maximal

Abelian subalgebra of g is just (P, @), this means that the (anti-) commuting isometries of the G/H o-

121f two things are in involution, they commute. This means that they can define an Abelian algebra.
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model are associated with (P, Q). For the exceptional cases (« # 0), the situation is trickier. The maximal
Abelian subalgebra of g is now generated by P and @ in addition to some R-symmetry generators, denoted
by L4. The latter generator is complex with Hermitian conjugate denoted by L. For d = 2 there is one
such generator given by L, = L}r7 whilst for d = 3 there are two generators given by L, = Li’z. Thus,

the (anti-) commuting isometries in the exceptional cases are associated with (P, Q, Ly). Then

[L}HLl—] ~ Lz ~ [L?HL2—]

With respect to the Z4-grading (4.9), we find that L}r—i—L{ and Li —L? belong to g(0)- On the other hand,
Lﬁ_ - L L%_ + L% and L;3 belong to g(2)- This is the grading we chose here. Using this information, we
are able to see that in order to perform T-dualisation on the supercoset action (4.7) along the isometries

that we have already mentioned, we take the supercoset representation g in the form following [21,22,125]

_ eaL’PJr9Q+\/O7>\+L+eBe'557 B = eéQ+é‘§|y|Dei‘/a)\3L3Aa(y)7 (4.13)

where z are the coordinates of the Minkowski boundary and |y| is related to the radial direction in AdS,.
In the non-exceptional case (o = 0) the coordinates y parametrize the sphere S¢. In the exceptional
cases (a # 0), one S is parametrized by y and the second by Ay and A3. These coordinates, Ay and A3,
are assumed to be complex. The specific form of the A(y) will depend on the underlying geometry that
is used. The Grassman-odd directions of the coset superspace are parametrized by 2(d — 1) fermionic
coordinates (0,0,€,€). The form of (4.13) was achieved using local right H - transformations. Also,
because P, Q and L are in involution our choice of coset representative guarantees that the action (4.7)
depends on z, 6 and L, alone. It depends on the latter coordinates through their derivatives dz, df and
dL,.

As we have mentioned the proof of self-duality of the supercoset o-models (4.7) under bosonic and
fermionic T-duality has up till now been performed by fixing k-symmetry gauge [36,38,39,65,108,125,126].
The most convenient choice is setting £ = 0 [21,22,125]. However, there is a problem, if the supercoset
model has been gauge fixed with respect to the associated superstring action, then k-symmetry has
already been used to set the non-supersymmetric fermions to zero. As a result, k-symmetry gauge fixing
can no longer be used in the T-dualisation procedure. The situation is more severe when dealing with the
exceptional backgrounds where the rank of the x- symmetry is zero (i.e. none of the non-supersymmetric
fermions can be set to zero) [37,125,149]. Thereby motivating our choice to study these o-models without
fixing k-symmetry gauge. All fermionic coordinates in (4.9) will be considered. With respect to (4.13),

the Mauer Cartan current has the following form

J = g 'dg = e ¢5Jef5 4 eS| (4.14)

where J(g) is the current at £ = 0. For a detailed list of the components of J and their explicit forms,

see [36]. However, schematically the components of .J are
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Jp = Jz(vo)v Jo = Jégo), JL
Jp = J“+JQ>§, Ty = J<°>+ch>g
Jp = +JSe, T, = I +adde,

4.15
Jp = J€°)+J(0)g, Jg = JY + e, (4.15)

I = JYe+al0e, U = aJQO)§+aJPO)§2
Js = de+ (I + 9 + 1O + a0 + JP¢

Here the current J depends at most on ¢ quadratically. This is very important as it simplifies the

T-dualisation procedure significantly.

4.3.5 The T-duality Procedure

Proceeding as in [22,150], the non-exceptional cases are T-dualised along x and 6. The exceptional cases
are T-dualised along z, and ., following [125]. In the standard procedure [12,13,129] we start with the

supercoset o-model'® and then substitute

(dx7d97d)‘+) — (Ab7Af7A+)'

These field redefinitions modify the action in the following way

S = S[(dw,df,d\;) — (Ab,Af,A+)]+/ (Fd Ay + 0dA; + Vad dAL). (4.16)
b))

The auxiliary fields { A, Ay, A1} are differential 1-forms and {z, 0, A, } are Lagrange multipliers ensuring
that

dAy, = d*A, =0, dAy = d*Ap =0, dAy, = d*Ay, =0, (4.17)

since {4, = dz, Ay = df, AL = d\;} and d*> = 0. As a result (see Part I), when we integrate out the
Lagrange multipliers we recover the original o-model action. To find the T-dualised action S out the
differential 1-forms {A;, Ay, A4} instead. A simplification can be made [36]

“B(ApP + ArQ + Va ALy )eP = AP+ AQ+VaA, Ly (4.18)

when performing this operation, since the Abelian algebra (P, @, L) is invariant under conjugation by
eP. We may thus write (4.18) as

13The form of this action in terms of the decomposition of Jcan be found in [36], equation (?7).
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AP+ AQ+Va AL, = P(ALP+ AQ+VaA, Ly)e B . (4.19)

Consider the following field redefinitions

(Ap, A, Ay) = (ALP, ALQ Ve A L),

then Ay =dz, Ay =df, Ay = d\; and (4.15) imply that A; = Jp, A’f = Jg,and A’ = Jp, [36]. Next,

substitute

A, = [P (AP + AlQ +Va A Li)e "], ,
A = [P(ALP+AQ+ Va A Ly)e P, (4.20)
Ay = [PAP+AQ+Vad L) P],

+

into (4.16) and integrate out {4}, A%, A’ } to obtain the T-dualised action S. Our next goal is to illustrate
that S is the Green-Schwartz model in (4.7), with the new coordinates associated with the new choice of

coset representative

G = eiK+0~M’IS+\/55\+L_eBeF(£)7 (4.21)

where M := (QS) and e is given in (4.13). The term F(¢) depends on the background under consider-
ation. For AdSs it is given by

F(&) ~ —[6+&]Q+ [ +¢7]S. (4.22)

For the AdS, cases, we have F(£) = £Q and for AdS3, we have that F(£) = £Q + £3S. Due to the
presence of F'(§) in (4.21), the J = §~'dg arising from (4.21) will generally not contain quadratic terms
of fermionic coordinates £. Finally, through further complicated field redefinitions (z,60) — (2/,6") we
can bring the dual coset element (4.21) into the form of (4.13)

G = ea”c’K+0~’JW‘IS+\/ES\’+L,eB’efg’Q.

4.4 Example: AdS; x S° Self-duality

The AdSs x S® superstring is probably the most important example in the thesis outside of the less than
maximal supersymmetric cases, which are the focus of this thesis. In this section we show that AdSs x S°
is self-dual in a k-covariant way. That is, we have considered all fermionic directions. This result is

exciting because it proves that AdSs x S° is ezactly self-dual.
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4.4.1 Supercoset Action

The AdSs x S° superspace is accompanied by the following coset

PSU(2,2|4)
SO(L,4) x SO(5)

This coset describes the full type IIB AdSs x S° background, which is parametrized by ten bosonic
coordinates (XM) = (2™, |y|,y*) with m,n,... =0, ...,3 and @,b, ... = 5, ...,9. Additionally there are two
16-component Majorana-Weyl spinor coordinates ¢ = %(1 +T')e! with 4,7,... = 1,2. Both spinors

have the same chirality. With this parametrization, we write the line element for AdSs x S° as

1

ds® =
ly|?

(dz™da" 1 + dytdy® + didg) (4.23)

where |y|?> = (y%y® + §9). The maximally supersymmetric background is supported by the following

non-vanishing 5-form components

Foi234 = —Fsers9 = 4, (4.24)

or, equivalently

Fs = 4(14+%)Volags, = 4(1+#)e" A ---ne? (4.25)

and a dilaton that we set to zero for simplicity.

Lie Superalgebra and Cartan Forms

The general form of a Lie superalgebra for a symmetric space was given in [121]. Inserting (4.25) into

this algebra yields the following form of the psu(2,2[4) superalgebra

= nacMpp —napMpc —MpcMap +npMac ,

[Pa, Pg] = —3Rag“"Mcp ,
[Map, Pc] = nacPs —npcPa, [Mag, Qail = —3(QTaB)ai (4.26)
[Pa, Qui] = —5(QeT** T 4)qi

{Qui, Qpj} = 10;(T*)ap Pa — 54 (TAT23DE) 5 Myg,

where e =¢;; and '? = 1. (Myp) = (May, M,;) with a,b,... = 0,...,4 and a,b,...=5,..9 generate the
SO(1,4) x SO(5) rotations, whilst (Pa) = (Pa, Pa) generate the AdS; x S° translations. The curvature of
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AdS5 and S° are given by Rgdb = 25[%51?] and Rg‘g = —20¢

@

;> respectively [36]. The Q,; are supercharges.

For details on the superconformal form of the Lie superalgebra consult [36]. Finally, the corresponding

d
5A]

Maurer-Cartan form is

J(X,0) = Q4P Mup + EAPy + E*Q,, (4.27)

which is made from the super-connection Q4%(X,0)and the supervielbeins E4(X,0) and E*(X,0).
The psu(2,2|4) Lie superalgebra in superconformal form (4.10), (4.11) and (4.12) can be written down by

defining new bosonic and fermionic generators. The bosonic generators are (a = m,4 with m =0,..,3)

D = P47 Pm = Pm+Mm47 Km = _Pm+Mm47
(4.28)
an, R@ = P&, R&IS = _M[zl;'
The fermionic generators are now defined by
Q = —5(Q QP . Q = —5(Q'+iQYP_ (4.29)
§ = L(Q+Q)P, , § = L(Q'-iQ})P_, '

S

2
with projection operators given by
Py = J(1£il%2%),

The commutation relations for these generators can be found in [36]. The corresponding basis provides

the following non-zero components of the invariant form on psu(2,2|4)

Str(Kn,Pm) = —20mn , Str(DD) = 1, Str(S,Qp) = 2i(T*P1)as.

Currents and the Supercoset Action

Given the parametrization we have chosen, the coset representative (4.13) becomes

= " Pnt07QugBeE Sa @B o (07Qa+EMSa |y Doy Ra/lul (4.30)

As a consequence of the definitions in (4.29), the fermionic variables satisfy the following projection
relations P, 0 =0, P & = €, P_6 = 6 and }P’_f = f Following the general setup in Section 4.3, we can
derive the form of the Lie superalgebra currents explicitly [36]. Using the commutation relations in [36],

we can obtain the components of the current (4.14). Those independent of £ are
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Jp, = [e_B(dx"Pn + dHQ)eB]P , Jo, = [e_B(dx”Pn + dOQ)eB]Q ,
m “ (4.31)
Jg, = [e*BdeB]SB.
The components depending linearly on & are given by
Ik, = —i([")aJs , Jp = JO —i(T%)aJ, Jry = I —i(T%€) 0
Ko Z( f)oz Sq 0 D D Z( g)a Qa > R Ra Z( g)a Qa >
Jg = I+ (Cma)™Jp, , (4.32)

Jur

mn

= I T Ja s TRy, = Jpo — HETHPTY . Tg.
ab

where the label (0) indicates those terms independent of ¢ (i.e. for which £ = 0). Finally there is a

current which depends quadratically on &

Js, = de® — 3T — LT, 8)0 )+ L(Taaf) Ty + 5(Taieye g + 8% Ja, )
= Jét) + SaﬁJQB,
where we define
8% = 1€ (€M) + {(T'Ta)* (€75 + §(Tmn€)* (€7 Ta)p — (Lo (ET7T)g, (4.34)

for which ST = —TI'*ST™. Comparing the Maurer-Cartan current (4.27) with the coset expression in [36]
and utilizing the definition of the superconformal generators in (4.28) and (4.29) in terms of the 10-
dimensional ones, we are able to write down the relation between the 10-dimensional geometric objects

and the components of the supercoset current J. Explicitly,

E™ = Jp, — Jk E* = Jp, E" = Ji

m ) a

. (4.35)
Qb = 275

Q™ o= 2Jy Q™ = Jp, + Jk

mn 7 m

and

E' = TUs+Jg—Jo—Jg) E? = F5(Js = Jg+Jo — Jg)- (4.36)
Since E! = J(1) and E? = J(3), E! and E? have Z4-gradings 1 and 3, respectively. Then, using (4.31)
- (4.33) and the Lagrangians from Section 4.3 for the PSU(2,2|4) supercoset model, the resulting La-

grangian takes the following form
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1«EANEPnup —iE' AT E?
1
2

*(me — JKm) A (Jpn — JKn)nmn + %*JD AN Jp + %*JR& A JR& — (4.37)
— $Is AT s = 5Jg AT g + 5Jg AT g + 5o AT .

Note that we have used (4.36) and the projection properties belonging to the generators (4.29). The
NSNS 2-form B, = iE' AT?1234 E2 was calculated from the type IIB supergravity constraints associated
with the background (4.25).

4.4.2 T-duality Transformations

Our goal in this section is to T-dualise along =™ and 6%, that is, all the bosonic and fermionic directions.
To do so, we follow the steps detailed in Section 4.3 and then introduce the auxiliary 1-form fields A"™ and
A’® given in (4.18). Using this information together with the dual variables #” and 6 the Lagrangian

takes the following form

L = Li+Ly+ L3 (4.38)
where
Ly o= kAL ANALYT = LATA A Moy + A A T,
Ly = SA*NAPNg — 15 A NAP(NL)op + A AN T,
Ly = SxJip ATi,lmn + 35 IS A TD 4 LD AT - (4.39)

i (D) pd gD _ i 47 o 1700 5 pag(0)
—3I AT = ST AT g+ S AT,

We also have

T = —d&"[e"Pre ], —dba[e”Pne™] ) + i Tné + Tk,
Jo = —dz™ [eBQaefB] p. T dég [eBQae*B]Qﬁ -
—ix ) (D)o — i % Jfy) (D2€) o — i(JS TS, (4.40)

and

Map = il a4,
Nag = (F4(1+S2))wa (NL)ap = i(I*€)a(T*E)s +i(T*E)a(Tal)s. (4.41)
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Z = El + EQ + L3 (4.42)
with
Ly = 3T" AT (= M) o + 5T AT M0 = M),
Ly = STANN-NL)'J+IxJNL(N-NL*)7'7. (4.43)

and L3 is the same as before'. We can simplify £, then we may write it as (see [36] for details)

El = %( - iM[zi;Mdi))_l(*jnl/\jnnmn+\7m/\jan”> '

To complete the self-dualisation process, we would like to cast the dual Lagrangian in the form of the

original Lagrangian'®. The result of this action are the new expressions for the currents 7, and J,

o = (M) —1I0TE, 87, — s IS (D) o — i) (Tak) (4
o S « Sﬁ By @ D « R aS /o -

The new (dual) choice of coset representative which leads to the Maurer-Cartan forms'6 is given by

J = §7'dg, § o= oF K0T SeB (6 SuS ) (- i M M T (4.45)

Our goal is to show that £, = L3, therefore we need to show that g ~ §. Through a complicated change
of variables [36], the dual coset element (4.45) can be brought into the same form as the original coset

element (4.30). This means that the last exponent to the right takes the form'? e‘ng, similar to g. The

dual coset element becomes

g= ¥ K0TS B (—L'Q (4.46)

where B’ = eBeng(§F4SE+O(§8))7%Ra 51“&357 Fm — gn _;r_fn(y’é’é’ £), é/a _ éa +fa(y,é,é, ¢€) and f" and
fa are functions of the coordinates y of S°, the radial direction |y| of AdSs and the Grassmann-odd
coordinates 6, £, and £. The choices (4.45) and (4.46) have associated Z4 - automorphism

17 is a function of currents not involved in the T-dualisation process and therefore remains invariant under
dualisation.

5For details see [36].

%Found in (3.21) in [36].

"Details may be found in [36].
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Pm — Km, D — —D, Ra — —Ra,
N . R . (4.47)
S = —-iQ, S — —-iQ, Q — —iS, @ — —iS

of the psu(2,2|4) Lie superalgebra. The choice (4.45) of the dual element g, tells us that the £-independent

components jg)), jéo), jg)), j1(%027 J ](%OA)B and jJ(\/?,),m of the currents are the same as the ones without tilde,

whereas the full expressions for the dual currents jm, J Ko J 5, and jQ are

1

Tp, = T (1= 2M;MP) 72

T = (T — T My™) (1 = My M) 72,

m

.. . 1 . (4.48)
Jg= T3 + Jx, (Dal'n€) + 55 M (D'T78) (14 f5 M M) |

Jo=J3" + 3T (DT Mo (1 4+ M M),

Similarly, the dual currents jﬁza = (Jp , Jr,), Jo and Jg are

Jr,=Jf) —i(JOT = JPTAS) (N — NL2) 702 + LI EP2L(N — NL?)T'Ty¢
- %(Jé° + SIS LYE(ETELIT2E) + LIV ErE LI T2g (€D, LIT£), |
1 . o (4.49

[ PRSI, T = 0T,

)] [0 —SIP + 28 T NL)IP].

Then, upon substituting the first two equations in (44.48) into (4.44), we get the following expression for
TIm

J" = (Jp, — Jr,)(1— MabMab) +*JK,, — Jr, My (4.50)

Using (4.48) and (4.49), we find the relations

— 1T Mg + 3T = T Tk e + 3Tk T, Monn — 3Tk, T, M (4.51)
and
% ~P.m ~Pann == % ~QF4JQ 1jé?O)F4J(O) (452)

Furthermore, combining (4.50), (4.51) and (4.52) with the Lagrangians £, and Ls, it follows that £+ L3

has the following form
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Li+Ls = 3x(Jp, —Jk,) A (Jp, = Tk, )limn — 35 AT g + 5o AT 5 +

i 1 1

LI ATt - (4.53)
— ij N jp”an — jg) N JKnnmn .

m

+ LD AT + Lk TP AT~

Additionally, using the first equation in (4.49), we find that the Lagrangian £, becomes

[:2 = %*jRg A jRi — %*JI(%OQ) A JI(%OQ) —

— (TP + ST AN = NL2)TH (TP + 8T

) (4.54)
FTP A (T + SISNTUL(N — NL?) ™' Tu +
+ STR) A TR ED(N — NL?) 7T .
Using the above equations (4.53) and (4.54), we obtain
L =Li+Lo+Ls=Ls+L +L, (4.55)
where
Ef] = %*(ij - ij) A (an, - an)nmn + %*jD A jD + %*de A de (4 56)

— %js N F4JS — %jg A\ F4j§ + %jQ A\ F4jQ + %j@ AN F4jQ

is constructed in terms of the % currents built from the dual coset element. Whilst, £’ and

L" are given by

L= I AN - NL)TINTITY) I ATIS(N - NL2) ST +

7(1) ab (4.57)
+ JK,. NJp; N (1 + %Mal}Ma )

and

£ = JO AN = NL) I AN — s - 0)JY) —
i ATO(N — NL2)TINTIT4(28 — TNL)M'T,¢ — (4.58)
— T NI M (1 4+ EM M),

Realising that (4.56) has the same explicit form as the initial Lagrangian (4.38), hence the Lagrangian
of the superstring on AdSs x S® will be self-dual provided that £’ + L is a total derivative. This can be

demonstrated by performing some involved computations'®. The results are

8See [36] for details.
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£ = —ia[Ire (1 + IM M) (4.59)
and
£ = =3a[J57) Mo (14 MM, (4.60)

where the matrices M,,, and M_; have been defined by the first equation in (4.41).

Lastly, we have showed that [ £, = [ £; which demonstrates that AdSs x S° is exactly self-dual. That
is, the AdSs x S° superstring action is self-dual under the worldsheet duality transformation on (2™, 6<)

coordinates, without gauge fixing x-symmetry.

4.5 Summary

In this chapter we have introduced the technicalities involved in working with worldsheet T-duality, which
contrasts the methods of Chapter 3, involving the supergravity. After an introduction, the ideas involving
coset o-models were slowly introduced. After some useful examples, the general setup for the work that
follows was given. Finally, we end with the important example of the self-duality of the AdSs x S°
background. The worldsheet T-duality transforms the superstring o-model action, which is constructed
with the use of the supercoset representative g, into the action constructed using the supercoset element
g. The duality makes use of a Zs-automorphism of the psu(2,2|4) Lie superalgebra. Whilst the worldsheet
approach is challenging as a result of the difficult mathematical tools involved, the worldsheet approach
is invaluable as it offers us insight that is missed when working in the supergravity picture. It beautifully

demonstrates the T-self-duality exactly, that is, without fixing k-symmetry gauge.
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Chapter 5

Less Than Maximally

Supersymmetric Coset Models

5.1 Introduction

This chapter deals with the self-duality of some of the backgrounds considered in Chapter 3 (i.e. AdSyxS?
(d = 2,3) and AdSq x S% x S¢ (d = 2,3)), but it does so from the perspective of the coset geometry.
This is also known as the worldsheet perspective. When we consider the string theory, we attribute the
existence of dual superconformal symmetry to the self-duality of the chosen superstring o-model given
certain T-duality transformations along bosonic and fermionic string modes on the worldsheet which
we associate with (anti-) commuting isometries of the AdSs x S® background [21,22]. Self-duality is
the direct consequence of performing a sequence of bosonic and fermionic T-duality transformations.
Specifically, we say a background is self-dual when these transformations do not change the values of the
background fields. In particular the RR fields and the dilaton' remain invariant. The relationship between
fermionic T-duality and dual superconformal symmetry, in the context of the AdSs x S°® superstring
and the corresponding super Yang-Mills theory, is very well understood [21-23]. However, there are
cases involving o-models which possess less than maximal supersymmetry. These backgrounds are also
integrable, but are less understood as compared to the maximal case. They will be the focus of this

chapter.

We concentrate on the remaining issues regarding the T-duality of superstrings on AdSy x S% x M10—2d
backgrounds. We would like to obtain a better understanding of these cases with the hope that it provides
insights into the still problematic AdS,; x CP? background. However, for some recent developments in
this regard, see [42]. The problem stems from issues which appear when performing fermionic T-duality
on the associated o-model [124,151] and the supergravity background itself [16,101,107,151]. T-self-
duality is shown for supercoset o-models associated with strings propagating on AdSy x S¢ (d = 2,3)
backgrounds upon imposing a partial gauge fixing of xk-symmetry of the o-model actions by putting to
zero one quarter of the supercoset fermion modes [36]. An additional issue arises when considering the

coset supermodels on AdSy x S? (d = 2, 3) backgrounds as a result of the fact that coset supermodels only

!See [23] for a review and references.
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describe some sectors of the full superstring theory on AdSy x S x M'9~24 backgrounds [36]. For d = 3,
only 16 out of 32 supersymmetries in 10-dimensions are preserved by these backgrounds. For d = 2, only
8 out of 32 supersymmetries are preserved. This implies that 16 and 8 fermionic modes, respectively,
correspond to the fermionic directions of the associated coset superspace, with the remaining 16 and 24
fermionic modes corresponding to broken supersymmetries [36]. These sectors of the theory are coupled

non-trivially to the non-supercoset directions of M1°~24 via these modes.

For d = 3, we may use x-symmetry to set all of the 16 non-supercoset fermionic modes to zero. However,
this gauge fixing does not work for a large class of classical string solutions (including strings moving on
the AdS3 x S® sub-space only [152]). Even though the AdS3 x S® supercoset o-model with 16 fermions
possesses k-symmetry [36], this k-symmetry is broken when the supercoset model is coupled to the 7%
sector (via the Virasoro constraints) of the full superstring action in AdSs x S* x T* [37]. Here, the 16
non-supercoset fermions have been x gauge fixed to zero [36]. This means that the k-symmetry of the
AdS; x S3 supercoset sub-sector is part of the x-symmetry of the complete 10-dimensional superstring
which is lost when the non-supercoset fermions have been completely gauge fixed. For the d = 2 case we
may use x-symmetry to remove 16 of the 24 non-supercoset fermions, then at least 8 of the remaining
non-supercoset fermionic modes are always present in the AdS; x S? x TS string spectrum [37, 39].
Self-duality of the associated supercoset models have been demonstrated for partially gauge fixed &-
symmetry. Here, we have set some of the fermionic supercoset coordinates to zero [122, 124]. However,
when supercoset models are used to describe gauge fixed sectors of the superstring o-model where x-
symmetry has already been used to remove part of the non-supercoset fermions, we may no longer use
k-symmetry to demonstrate the self-duality of the corresponding supercoset sectors of AdSgx S%x M10—24

superstrings.

Resulting from these issues is an appreciation of the importance of proving the T-self-duality of super-
strings on AdS; x 8¢ x M19~2¢ backgrounds without gauge fixing x-symmetry, that is, by taking into
account the non-supercoset fermions. This is precisely what we will demonstrate in the following section.
Figure 5.1 illustrates an example of the AdS, x S? x T® case. Furthermore, we consider the excep-
tional cases, those backgrounds with two sphere subspaces. There we isolate strings movement to the
AdSg x 8% x S? sectors and fix the non-supercoset fermions to zero. We show that these backgrounds are
self dual under combined bosonic and fermionic T-duality. This chapter is based on research presented
in [36].

5.2 Self-duality of AdS; x S x T* Superstrings

Solutions of the type AdSs x S x T* preserve 16 supersymmetries. These supersymmetries generate the
required superisometries to form the PSU(1,1|2) x PSU(1,1|2) supergroup (see for example [153]), a
subgroup of PSU(2,2|4). The curvature of the AdSs x S? subspace is given by

RZZSS = —e"Aeb, R‘;g = ¢t /\ei’, (5.1)
where e? = e%(z) for a,b,... = 0,1,4 and €% = e(y) for a,b,... = 5,6,7 are the vielbeins of AdSs

and S3, respectively. The radius of curvature for both manifolds have been set to one for convenience.
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Fermionic T-duality

IIA AdS, x S2 x TS W
with F@ + F(®) and & =0

gl ’ 52
3 bosonic T-dualities 4 16 1.9 IIA* with imaginary F(®,
along T directions da’, da”, dx and ® = log =
0
IIB AdS, x S% x T° do
with F® . and & — 0 Timelike bosonic T-duality,
’ —

and define 2’ =1/z

Figure 5.1: The idea of self-duality we study is that a sequence of bosonic and fermionic T-
dualities returns us to the same background. This is shown here for the case in which we start
with type IIB AdSs x S? x T6 supported by an F(®) Ramond-Ramond flux [36].

Backgrounds of this type may be supported by a 5-form flux given by

Fs = %(Qbaea Ael A e+ séi)ded A b A eé) A (d<p2 A d<p3 +de® A dg@g), (5.2)

where dp® (a',b,...=2,3,8,9) are the flat vielbeins along T*. It is important to note the change in the
form of the Fs-flux (5.2) as compared with its value in the AdSs x S® solution. This difference results in
changing the geometry of D = 10 spacetime geometry, which breaks half of the 32 supersymmetries. Only
half of the maximal supersymmetry is preserved, the fermionic modes of the string in these backgrounds
split into 16 fermions ¥ which are associated with the preserved, and because of this, the string fermionic
modes in such a background split into 16 fermions 1} associated with the preserved symmetries and 16

fermions v associated with the broken symmetries.

Explicitly, the splitting is realized by using the additional projectors & (1 & I'*3%9) as follows

(1-T>¥)e", o' = J(1+T*)e". (5.3)

1
2

As for the AdS5 x S® case, the fermions ¥ can be regarded as Grassmann-odd directions of the supercoset

space

PSU(1,1]2) x PSU(1,12)
SO(1,2) x SU(2)

which contains AdSs x S3 as the bosonic subspace. The T# directions and the non-supercoset fermions
v are responsible for extending this supercoset to a full solution obeying the 10-dimensional type IIB
supergravity constraints. For certain classical string solutions in AdSs x S3 x T%, k-symmetry may be

used to gauge fix to zero all the non-supercoset fermions v. Modulo some constraints (see for example [36)),
PSU(1,12)x PSU(1,1]2)

SO(1,2)xSU(2) modes

this gauge permits fluctuations of the string along T* to decouple from the
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(see [37] for details). Hence, the superstring action reduces to its supercoset part, which can be obtained
as a truncation of the AdSs x S° action, once we select the PSU(1,1]2) x PSU(1,1|2) subgroup of
PSU(2,2]|4) and reduce to it.

First, we identify the 10-dimensional indices 2, 3, 8, and 9 as associated with the T directions ((pa/) =
(!, <pI') (I,J,...=2,3; I',J',... = 8,9). This particular choice of the tangent space indices associated
with AdS3 x S3 x T* are related to the way we truncate the psu(2,2|4) superalgebra to psu(1,1|2) ©
psu(1,1|2). Next, we remove from the algebra all the bosonic generators with the indices m = 2,3 and
a = 8,9 from the algebra, and halve the number of fermionic generators by acting on the original 32

generators defined in (4.26) with the additional projector introduced in section 4.4

Q = 3Q'(1-T) i =12 (5.4)

The generators (Q,Q,S, 5’) defined in section 4.4 are subject to the same projection. The algebra
psu(l,1]2) @ psu(l,1]2) may be found in [36]. From a geometrical point of view, this truncation cor-
responds to obtaining the AdSs x S% x T* background from AdSs x S° by formally compactifying two
directions of the 4-dimensional Minkowski boundary of AdSs and two directions of S® onto T* = T2 x T2.

Finally, one deforms the value of the F5 flux as in (5.2).

5.2.1 Self-duality of the Supercoset Model

4. PSUL12)xPSU(1,1]2)
) SO(1,2)xSU(2)
model. Then, it follows that we may use the results of the previous Chapter (section 4.4) to show that

As already mentione can be described as a truncation of the AdS5 x S° supercoset

AdS3 x 83 x T* is self-dual under the combined T-dualisation of the bosonic coordinates (along the

2-dimensional Minkowski boundary of AdSs) and four fermionic directions (associated with a commuting

subalgebra of the PSU(1,1|2) x PSU(1,1|2) isometries). Conveniently, the PSUS%}E%)XXI;SUU(%’IIQ) super-

coset o-model Lagrangian has the same form as (4.37) where the currents constructed with the coset
element having a form similar to (4.30). Then, if we follow the steps in section 4.3 we find that, after the
T-dualisation process, the Lagrangian turns is equal (up to a total derivative) to the AdS3 x S* g-model

Lagrangian constructed in terms of the supercoset element

Jo= g, g o= o eS8 (€Q4as se”) (5.5)

where S%5 was defined in (4.34). For the case AdS3 x S, at most £ powers are present and thus, the
factor (1 — i/\/l &5/\/1&5)*1 appearing in the AdSs x S° supercoset element does not enter the expression
for g here. Furthermore, we may bring the coset element § in (5.5) into a form similar to that of the
original coset element (4.30). Again, this means that we arrive at an expression for § with the last factor
to the right being composed of e €% alone. This was achieved in the AdSs x S° case as well. The final

form of g (after applying a chain of equalities as in [36]) is

gzzei"K"_iéF‘lSeB/e_éQ (5.6)
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where eB = B e*%Dfr%f, Fm =" + f"(y,é,é7 §), é’a =0, + fa(y,é,é, ¢) and f™ and f, are certain
functions of the coordinates y® of S®, the radial direction |y| of AdS3 and the Grassmann-odd coordinates
0, €, and €. The AdSy x S? case follows similarly (see [36] for a detailed presentation). There we have to
consider type ITA and IIB backgrounds separately, although both backgrounds are related by a bosonic
T-duality.

5.2.2 Non-supercoset Fermions

So far we have demonstrated that, in a particular k-symmetry gauge in which the 16 non-supercoset
fermions v are set to zero, the AdSs x S® x T* superstring action is self-dual under the combined
fermionic and bosonic T-duality. However, as mentioned before, this gauge is not always permitted. For
example, when the classical strings move entirely in the AdS3 x S? subspace. The k-symmetry projector
(M in [152]) fixes the gauge. Meaning that it projects out all but the physical degrees of freedom.
Suppose that the x-symmetry projector commutes with the projector which singles out the unbroken
supersymmetries (16 in this case). Then, it cannot eliminate enough non-supercoset fermions to leave us
with a physical set of modes. Some unphysical modes will always remain. Consequently, some solutions
cannot be found in some gauges and what we have discovered is that the motion of the string in the AdSs
subspace is important. It is not consistent with our gauge fixing. Thus, it is important to understand

how the T-dualisation works in different gauges or without fixing k-symmetry.

To derive the form of the Green—Schwarz superstring Lagrangian (4.6) in the AdS3 x S x T* background,
we need expressions for the supervielbeins £4(X, 9, v) and the NSNS 2-form Bo (X, 9, v) as a power series
in v’. This may be determined in the same way as the ©-expansion derived in [154] (see for example [155]).
Then

&4 = BA(X,V) —iET%v — iDul 4y, (5.7)

up to quadratic order in v. For the NSNS 2-form we have

By = B$***(z,y,9) —iE* A ET 40%v — A ET%0 A ET g0%v — 1 E4 A DT 405, (5.8)

where B (z,y,9) = 2(1 — [2389)2 3 ESi(z,y,9), E(z,y,V), and E%(x,y,9) are the supervielbeins con-
PSU(1,112)x PSU(1,1]2)
50(1,2)x50(2)
3

along T%. The Pauli matrix o;; contracts the indices ¢,j = 1,2 of the spinors. Moreover, the NSNS

gauge potential BS°°* has again the form as in (4.37), and for the background under consideration the

supercoset currents while E* = d¢® is the flat vielbein

structed in terms of the

covariant derivative D is given by

Dv = Vu—1ig B4 Fp,..p, TP BT 0% = Vo—1E4(1 -0 1020,
where V := d — 1Q4PT' 45 and Q45 (z,y,9) is the spin connection on PSUéB%'ﬁ%)XXIZSUU(%’m) defined in

terms of the currents as in section 4.4. Substituting the expressions (5.7) and (5.8) into the string action
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(4.6) we arrive at

L = Leoser + 3xdp® Ndp? —ixdp? A ETgv — idp® A ETqo®v — 3xET% v A ET v — 59)
— LET¥0 A ET 00 — 1+EA A Dol gu — SEA A Dol a0, '
where we have used the projector properties (5.3). Here, Leoset has the same form as (2.1) in [36] (with

v = I'*). The Lagrangian above contains a lot of v-dependent terms in the gauge in which the v are

non-zero. These v contribute to the T-dualisation along the supercoset directions (z™,6).

5.3 Self-duality of AdS; x S? x S x T3¢ Superstrings

In this section we finally address the self-duality of the non-exceptional backgrounds AdS; x S¢ x S x
T34 (] = 2,3) by extending the discussion in section 4.4 as well as the previous section. These
backgrounds preserve 1/4 and 1/2 of the 10-dimensional supersymmetry and can be supported by either
NSNS or RR fluxes [130, 131, 156-158]. In what follows we shall consider these backgrounds to be
supported by the following 3-flux

R A P 1
AdS o ob g ge . TPAdS

R, @a R cevae” At Ae), (5.10)

F3 = %(Ecbaea A\ €b A e€ +

where a and o’ are, respectively the tangent space indices of the two three-spheres and Ry are their
radii. T-dualising the latter background along the S!' (a bosonic direction), one gets the type ITA
AdSs; x 83 x 83 x S with the 4-flux

Raas o b e, Bad
Fy = d¢’ A (%(Qbaea Aeb Aef + T565&6“ Aeb A el +

+ —

SEc/b/a/ea/ VAN eb/ AN ecl)). (511)

We will show that the AdSy x S? x S sectors described by supercoset o-models are T-self-dual under
combined bosonic and fermionic T-dualities, provided that T-dualisation involves one of the spheres S¢.
The isometries are governed by the exceptional Lie supergroups D(2,1;«a) (for d = 2) and D(2,1;a) x
D(2,1;a) (for d = 3). In general, the corresponding calculations are complex and challenging, as a result
we will not present details here. To make computations simpler, we set the non-supersymmetric fermionic
modes of the string to zero (v = 0). For the d = 3 case we use x-symmetry to do this, whilst setting them
to zero by hand for the d = 2 case. Then the T19~3¢ sector decouples (modulo the Virasoro constraints)

leaving the AdS; x S x S? sector free to be concentrated on.

5.3.1 The Self-duality of AdS; x 5% x §*

Supercoset Structure

The o-model on AdSs x S? x S? is based on the supercoset
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D(2,1;a)
SO(1,1) x SO(2) x SO(2) (5.12)

Before constructing the action to analyse its T-duality properties, let us discuss the Lie superalgebra
0(2,1; ) of D(2,1;«) first. For general properties of the exceptional Lie superalgebra 0(2,1; «) see for
example [148,159]. For the 10-dimensional supergravity solutions under consideration, the values of

the parameter « are restricted to the interval [0,1]. They determine the relation between the radii of
AdSsy x 52 x 52,

Rius RAdS
) and 1 — R, (5.13)

To avoid confusion regarding the parameter o and the spinor index «, in what follows we will set o :=

cos?(7) := ¢* and 1 — a := sin’(7) := s2, respectively.

Lie Superalgebra 0(2, 1;c?)

The maximal Grassmann-even subalgebra of the Lie superalgebra 9(2,1;c?) is sl(2,R) @ su(2) ® su(2),

and we set 5[(2,R) := (P, K, D), su(2) := (L,), and su(2) := (R*g), respectively, for a,b,... =1,2,3 and
a,B,...=1,2. The corresponding commutation relations are
= P, [D,K] = -K, [P,K]| = 2D,
[Ly,L_| = —2iL3, [Ls,Ly] = +iLy, Ly := iL;+ Ly, (5.14)

[R%4,RY5] = i(673R% — 0% R"p) .

Furthermore, 9(2,1;c?) contains eight fermionic generators which we denote by Qa, Qa, Sa, and S’a,

respectively. Letting a}x’ﬂm be the Pauli matrices?, the remaining non-vanishing (anti-)commutation
relations of 9(2, 1; ¢?) are given by

{Qa,Qs} = —oosP {Sa, S5} = —0osK
{Qa, S8} = —Poiagly, {Qa,Ss} = Folgl_,
{Qa, S} = faaﬁ(DJrlc Lj3) —is Ja,YR’Yﬁ ,
{Qa, S5} = 024(D —ic*Ls) +is’00, R
[P,Sa] = —Qa, [P,Sa] = —Qa, [K,Qa] = —Sa, [K,Qa) = —Sa, (5.15)
[D,Qa] = 5Qa+ [D:Qa] = 5Qa, [D,Sa] = —5Sa, [D,Sa] = =35,
[L3,Qal = 5Qa . [L3,Qa]l = —5Qa, [L3,8a] = —35a, [L3,5] = 55,
[L1,Sa] = Sav [-8a] = =Sas [L-.Qu] = Qa s [L4,Qa] = —Qu .
[R5, Ty] = —i(6%,T5 — 36°6T,) , for T € {Qa;QarSarSa} -
*We lower and raise Greek indices using €. = io25 and €** = io®*? with €*”e,5 = §%4, so that for example
ol = 0?0y = —ic' o2,
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The bosonic generators P, K, D, and L, are skew-Hermitian while (R';)" = R?; and (R'3) = —R?;.
The following reality conditions hold for the fermionic generators: QJ{ = Qg, Q; = le and SI = 75‘2,
53 = 8. The superalgebra (5.14) and (5.15) are invariant under these reality conditions. When ¢ — 0
we recover the superalgebra psu(1,1|2) associated with AdSs x S? x TO since in that limit the generators
L. and L3 decouple. This is to be expected since in the limit o — 0 (which is ¢ — 0) we recover the
non-exceptional background from its exceptional counterpart. Additionally, non-vanishing components

of the invariant form of 9(2, 1;¢?) which are compatible with the above choice of basis are

)

Str(PK) = 2, Str(DD) =1

Str(LyL_) = —%, Str(Lsls) = %,
) ‘ (Fake) = = (5.16)
Str(R%sR75) = (075075 — 50%6075) ,
Str(QaSs) = —2024 , Str(QaSs) = 202 .

Z4-grading and order-4 Automorphism

To formulate the supercoset action based on (5.12), we need to fix a Z4-grading of the superalgebra
2(2,1;¢?) @ C @7371:0 g(m)- Our decomposition is as follows

go) = (P+K, L, +L,,U}Y[QR75]> ,
9a) = <Q0¢ - Ulﬂasﬁvéa - Ulﬁa§ﬁ> s
— 1
di2) = <P - KvaLJr - L73L3,07(QR7[3)> )
93) = (Qa+0"%655,Qa +0'7095) ,

(5.17)

where brackets (respectively, parentheses) indicate normalised anti-symmetrisation (respectively, sym-
metrisation) of the enclosed indices. Note that g = so(1,1) © s0(2) @ s0(2) as required. The order-4
automorphism Q : 9(2, 1;¢2) — (2, 1; ¢?) associated with this Z4-grading is given by

QP) = K, QK) = P, QD) = -D,

ULs) = —Ls, QLs) = Ly, ARY) = o' VohsR’,
QQa) = —ic'Pa8s, QQs) = —ic'?,Ss,
Q(Sa) = —iO’lﬁaQﬂ, Q(ga) = —iO’lﬁaQﬂ.

Furthermore,

Str[(P+ K)(P+K)] = +4, Ste(DD) = 1,
Str[(L+:tL,)(L+:I:L,)} = :F;%, Str(LSLS) = ciz

Str[(opa R ) (00, RV 5))] = — 50250735

)

(5.18)
Str[(0, R 5) (04 R5))] = —2 (003075 = 0anThs = TasTsp) -

Str[(Qa £0'768,)(Qs Fo'°585)] = Fdiok, ,
Str[(@a + Ul’yagy)(Qﬁ Fol! 65S5)] = :|:4iaéﬁ
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which follow from (5.16).

Coset Representative and Associated Current

As always, the next step involves choosing a coset representative for the supercoset space (5.12) based
on the superalgebra and Z-grading. From (5.14) we can see that the generators P, Q,, and Ly are in
involution and therefore form an Abelian subalgebra3. Consequently, the associated directions are those
along which we will perform T-dualisation. Following our general discussion in section 4.3, an appropriate

form of the coset representative is?

g = e;EP-‘r@ Qa+X Ly eB ef Sa ,

fos o fod _ _ B pa
eB = eG Qa+E¥Sa |y‘De )\3L3e P aR B .

(5.19)

where we assume that both A, and M3 are complex®. We are therefore essentially dealing with the
complexification SL(2,C)/C* of the coset SO(3)/S0(2) = SU(2)/U(1) = S2. From the perspective of
fermionic T-duality, such a complexification is rather natural (see [22] for a similar case in AdSs x S°).
Note that the resulting line element (as seen in Chapter 3) on SL(2,C)/C* is

ds* = 25 [(dAg)? + e (dAy)?]. (5.20)

4c2

Upon performing the change of coordinates (Ay, A3) — (¢, 9),

2 tan (%) sin(y)
)‘Jr = . 9 2,0
1 + 2itan(5) cos(y) — tan?(%) (5.21)
o 1+ tan?(2) ’
e =
1+ 2itan(%) cos(yp) — tan?(%)
for ¢, ¥ € C, we find the line element
(ds)® = 2= [(d9)* +sin®(¥) (dp)?] , (5.22)

which, when considering the real slice p* = ¢ and 9¥* = 9, becomes the standard line element on the
two-sphere S2. The Maurer-Cartan form J = g~'dg corresponding to the coset representative (5.19) is

of the form

3The maximal Abelian subalgebra, for 0(2,1; 02) has two bosonic and two fermionic generators.

4To arrive at the coset representative for AdSs x S? x T? from the representative (5.19) in the limit ¢ — 0,
one first needs to re-scale the coordinates Ay — cAy, A3 — cAs, and p®5 — sp®4 first. Then, we perform ¢ — 0.
Upon taking this limit, the second sphere S?, whose metric becomes flat, decouples from the AdSs x S? supercoset
and re-compactifies into T2 which is part of the larger T°.

5This technical assumption is used to help ease the T-duality transformations considered herein.
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J = e &5 05 4 qev g, (5.23)
= JO = £2[8,, JO] + 12027 {S,, [S5, JO]} + €S , '

where, as before, J(© does not depend on the fermionic coordinate £, and we have set £2 := iai ﬂfo‘fﬁ .
The explicit form of the components of the current J are given in Appendix B. Using the Z4-grading
(5.17), the coset current J decomposes according to J = J(g) + J) + Ji2) + J(3) with

sUp+J)(P+K)+ 5(Jo, + Jo_ )Ly + L) — Jge,0' “T05, R0g)
Jay = 3(g. —0"6Js,)(Qa — 0" 7aSp)5 (g, — 0" 55, )(Qa — 0" 7aSp)
Joy = 2(Jp—Jx)(P—K)+ JpD+%(Jp, —J )Ly —L_)+ Jp,Ls— (5.24)
- JRaﬁJI ayag(vRélg) R

5(Ja. + 0" 5J5,)(Qa + 0" aSs) + 5(Jg, + 0" 5J5,)(Qa + 0" PaSp) .

~

w

&
I

Supercoset Action

Using the Z4-grading (5.17) together with the currents (5.24) and the invariant form (5.16), the o-model

action becomes

s = _g/{_*(JP—JK)A(JP—JK)+*JDAJD+
P
+ ok (o, = Jo )Ny = Jr ) + xJrg A +

(5.25)
+ S%(*JRaﬁ A JRﬁa — Ula’yUé(g*JRaﬁ A\ JR’Y(S) —

—i0k4(Jau Aa, + s, Ns, = Jg, Mg, T Ag) } -
For the ‘non-exceptional’ cases, the matrix (—o!) can be identified with the matrix I'*P along the AdS,

radial direction with P being the projector which singles out eight unbroken supersymmetries of the

background under consideration. The same is true for the exceptional cases.

T-dualisation

We are now ready to perform the T-duality on the action (5.25) according to the procedure laid out in
section 4.3. After some technical algebra, a field re-definition and the use of the Maurer-Cartan equations
we find that the resulting dual action has the same form as the initial action, but with currents constructed

with the different coset element

§ = eitK—iJQ"‘ﬁé(,SB+5\+L_ oB ealﬁagaQB’ (5.26)

where, e is the same as in (5.19). Therefore, the supercoset sigma model on AdS; x S% x S? is self-dual



CHAPTER 5. LESS THAN MAXIMALLY SUPERSYMMETRIC COSET MODELS 95

under the combined T-dualities along z, 6%, and A;. As a check, in the limit ¢ — 0, upon an appropriate
PSU(1,12)

SO(1,1)xU(1)

In this limit, the dualised sphere S? gets ‘decompactified’ into a T2 torus which completely decouples

re-scaling of the Jp-currents, the action reduces to the supercoset o-model for AdS, x S2.

from the AdSs x S? and fermionic sector.

5.3.2 Self-duality for AdS; x S3 x S3

Considering the subsector of the AdS3 x S3 x S2 x S* theory in which the string moves only in AdS3 x
S3 x 83 while its non-supersymmetric fermionic modes are gauge fixed to zero and the S!'-fluctuations
decouple from the rest. For this case, the T-dualisation process is almost identical to the discussion above
for the AdSs x S? x S2 case, however, the explicit calculations are technically more involved. Therefore,

we only outline the basic steps here.

The supercoset sigma model on AdSs x S% x S3 is based on the supercoset

D(2,1;¢%) x D(2,1;¢?)
S0(1,2) x SO(3) x SO(3) *

(5.27)

The Lie superalgebra 0(2,1;¢?) & 0(2,1;¢?) has {Py, D, K, LY, R} for m = 0,1, a = 1,2,3, and
1,7 = 1,2 as its bosonic generators and {Qz‘mSm,Qm,S'm} for « = 1,2 as its fermionic generators,
respectively. Here, the LF¥ and R*?; are the generators of 50(3) @ 50(3) @ 50(3) @ s0(3). Furthermore,
the generators { Py, Qia, L* = iLli + LQi} are in involution® so that the coset representative will have
the left factor of the form e*” Pn+0""Qia+A+ LT +A-L™  The coordinates 2™ parametrize the 2-dimensional
Minkowski boundary of AdSs. As for the AdS, x S? x S? case, we shall work with the complexification
S0(4,C)/SO(3,C) of SO(4)/SO(3) = [SU(2) x SU(2)]/SU(2) = SU(2) = S3. Thus, the coordinates
At are assumed to be complex. The resulting line element on SO(4,C)/SO(3,C) will be of the form

ds® = 3= [(dX3)? + M (dAy)? + ¥ (dr)?] . (5.28)

The next step is to choose an appropriate Z4-grading for the space (5.27). The T-duality is then performed
along the bosonic directions ™ and A+ and the fermionic directions #°®. The T-self-duality of the
supercoset o-model follows. We have explicitly checked this up to the second order in the four-component
fermions £, like in the AdSs x S? x S? case. We believe that the invariance holds to the highest (4th-
order) in £“. This is supported by the fact that at o = 0, the model reduces to the AdS3 x S supercoset

sigma model times the torus sector, which have shown to be duality invariant.

SNote that the maximal Abelian subalgebra of 9(2,1;c?) @ 9(2,1;¢?) has four bosonic and four fermionic
generators.
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5.4 Combined bosonic-fermionic T-duality of the Ramond-Ramond
AdSy x S x M1°~2? backgrounds

This section provides additional evidence for the T-self-duality of the complete AdSs; x S x §3 x St
theory by proving invariance under the combined bosonic and fermionic T-duality of its supergravity
background. We shall apply the T-duality rules directly to the corresponding supergravity component
fields. We are therefore extending the earlier results of [16,22,23,101,107] to the whole class of the
Ramond-Ramond AdSy x S x M1'0=2¢ super-backgrounds. This general approach deals with all the

backgrounds considered in this thesis at once.

5.4.1 Rules for Fermionic T-duality
Killing Spinors

Following the procedure laid out in Chapter 1 which was based on the conventional rules [12,13, 129]
(and [66] for a generalization to the whole superspace), we may T-dualise the bosonic directions. After
this procedure was generalized for fermionic directions in [22], we found out that we could T-dualise
along Grassman-even Killing spinors, denoted by Z,(X), which generate Abelian super-isometries. Here
e labels the number of the Killing spinor. Recall that fermionic T-duality acts on the dilaton ®(X) and
the RR fields, but leaves the metric and the NSNS 2-form invariant. That we dualise along Grassman-even

directions implies the following condition

=048, = 0 forall Apu,v with A=0,1,...,9. (5.29)

This condition has non-trivial solutions if the Killing spinors are complex, thus manifesting the fact that
they are associated with complex Grassmann-odd directions in superspace. The Killing spinor conditions

themselves have the following form

OME — LO4P(X)TapE = —LPE(X)TAE,
(5.30)
LTAFTAZE = 0

where Q47 (X) and £4;(X) are the spin connection and the bosonic vielbeins of the 10-dimensional

background respectively, and F' denotes the contribution of the RR fluxes

4
o [t GERIAT, + F ) e A s
— G (FTA0? + G F T AP0t 4 g P o047 Fo?)  type 1B

We arrive at (5.30) by requiring that the supersymmetry variations for the dilatino and gravitino vanish.
They are also determined by the individual geometry and its accompanying RR fluxes. Requiring that
the first equation in (5.30) be integrable determines the projector Pgq—1). This singles out 8(d — 1)
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fermionic isometries for the background considered. The second equation in (5.30) is then identically
satisfied.

Fermionic T-duality Rules

Upon solving for the Killing spinor equations (5.30), one can derive from”

EAZ TAT1Z,  type ITA
OCy = { MTHA P (5.32)
E4E,T40%E,  type 1IB

the matrix C = (C,., (X)) which is formed by the components of the NSNS 2-form Bs along the Abelian

fermionic isometries, that is,

6" A d6” B, (X,0)e— = db* AdE”C,(X). (5.33)

Once the matrix C,,, is known, one obtains a shift of the dilaton under fermionic T-duality

AP = ¢ —® = 1llog(detC) (5.34)

and of the RR fields, which in our conventions is

AF = F' —F = 85,(C"H)™E,T, (5.35)

where T is a certain product of I-matrices that is used to split the fermionic E(*?) currents into four pieces
corresponding to the splitting up of the superalgebra generators Q into @, Q, S, and S , respectively. In
particular, backgrounds with a 5-flux alone, have I' = 1. For AdS; x S x M19~24 (with d = 2,3) with
3-flux, we have I' = —I'23. For backgrounds with both 2- and 4-fluxes, we have I = I'''T"'23, while for

backgrounds with 4-flux only, we have I' = T'!.

Explicit Form of the Killing Spinors

A direct way to get the explicit form of the Killing spinors is to read them off from the corresponding
components of the fermionic currents Jg associated with the generators @ of the superisometry algebra.
By construction, the Killing spinors satisfy the defining relations (5.29) and (5.30) and are the components
of Jo2(ly|,y%, A3) in

"Equations (5.32) determine the components Hys of the field strength Hs = dBs of the NSNS 2-form for the
super-backgrounds under consideration.
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! - «
JQW|®:O = dgﬂ]ﬂa(|y|,y7)\3) = de#eiBQ,ueB‘Qmé:é:O = de“‘:’/t ) (536)

B

where e” was defined in the last section . The Killing spinor condition, a particular form of (5.30), is

obtained by differentiation of (5.36)

A=, + [e Pde”, E,]le=0 = 0,

B (5.37)
e PdePlo—o = Q%(y/lyl)Ry; + Jo(Jy))D + Jr,(As)Ls -

Note that the index u should be regarded as an external one, labelling the number of each Killing spinor.

Considering the structure of the coset element eZ(¥/:¥:X3) and the commutation relations [D, Q] = %Q7
[Rs, Q] = ngFaF‘lIF’, and [L3, Q] = $Q, we have the following generic form of the Killing spinors in
question®

2.0 = L (ylyds) = lyl77er 0, (4% /ly), (5.38)

where O0,,%(y%/|y|) := (esFTals y&/@'y')),f‘ is a Spin(d+ 1)-matrix associated with the coset S¢ = SO(d +
1)/SO(d) and P := P, Pg(4_1) is the projector matrix which singles out the 2(d — 1) anti-commuting
isometries Q = QP for each case of AdSy x S% x M1'0=2¢ a5 was described in the previous sections. By

definition, we have

oTT,0 = I'4P, (5.39)

The structure of the matrix C,,, see (5.33), is read off from the form of the Wess-Zumino term of the

Green-Schwarz superstring action, which in our conventions has the form

. !
Buu|@:0 = lJﬂFigJuéﬂy\,ya)%) = Cuu- (540)

Using (5.38) and (5.39), we find that

Cuv = iy~ (TP), (5.41)

and its inverse is

CTI = _jlyle~ieds (P, (5.42)

From (5.41) we can read off the shift (5.34) of the dilaton

8To have a smooth limit from AdS; x S% x S% x T'973% to AdS,; x S% x T'072¢ at ¢ — 0, we had rescale the
coordinates A+ and As of the second sphere.
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AP = jlog(detC) = —(d—1)logly| +i(d - 1)eAs (5.43)

and from (5.42) we read off the change (5.35) in the RR fluxes upon the fermionic T-duality for all the

considered cases

AF = 8J,C7'" I = —8iPI*T = —(14il"'2%) f. (5.44)

Explicit Form of the Ramond-Ramond Fluxes

In the interest of completeness, let us present more details on the form of the RR fluxes characterized by
(5.44) in some of the exceptional AdSy x S x S% x T10=3¢ cases:

(a) AdS3 x 93 x §% x S1: Consider type IIB theory with a 3-flux as in [127], for example

Fs = 2T+ /al®? + V1 —al®") = 4Pl . (5.45)
In this case, I' = —I'?? as in the corresponding non-exceptional o = 0 case. Alternatively, we may

T-dualise this background along the S!-coordinate ©? to get the IIA background with 4-flux only,

as written in [121], and use the same Py with I' = I'?39,

(b) AdSsy x §% x S? x T*: Consider type ITA theory with a 4-flux, then we may write the corresponding
projector of rank 8 as a product of two rank 16 projectors, Ps = Py Py, as in [121]. Re-numbering
the 4-flux components of [121] such that 0,...,3 are the directions along which we dualise (with
2,3,8,9 the T* directions, one sphere being parametrised by 27 = A3 and ' = A, and the other
sphere directions labelled by 5, 6) this reads

P, = AP P,T%2

(5.46)
Pl = %(1_’_1-\9238)7 P2 . %(1+\/5F047123+m1—\045698)

with T' = I'239.

In all the cases under consideration, the shifts (5.43) and (5.44) are undone by the corresponding bosonic
T-dualities, as we shall show next for the AdSy x S¢ x M0~24 backgrounds.

5.4.2 Compensating Bosonic T-duality

General Case

The complete Buscher rules for bosonic T-duality are part of the O(D, D) symmetry of generalised
geometry [133]. However, in the cases of interest to us here, the antisymmetric NSNS B-field vanishes
and the metric is diagonal, simplifying the rules greatly. Let Z be the set of directions along which we

dualise, then the new metric has the components
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1

Gl = —
tt )
Gtt

t el

and remains unchanged in all other directions. The shift in the dilaton is given by (minus half of the)
log of the determinant of this block, that is

Ad = —JlogdetGyn = —3 ) logGy. (5.47)
tel

Allowing for a some abuse in notation that t refers to flat directions here, we can write the change in the

RR forms as

—i fort=0

F” = <H ct I‘t) F’ , ¢ = (5.48)

teT 1 else,

where F is the result of the fermionic T-duality (see (5.35) ). The change in the RR fluxes has been

® as the dilaton is non-

written in terms of potentials in [81]. Here, it is important to include factors e
trivial. For non-vanishing dilaton and a general metric (i.e. not diagonal), [52] write the changes in the
RR fluxes in terms of the field strengths. Time-like T-duality results in imaginary forms [83]. The overall
sign is not physical, but depends on the order in which we perform the T-dualities. Let us apply this
to the backgrounds of interest to us. T-duality was performed along directions labelled by t € 0, ..., 3.

Then, the T-dualised RR fluxes (5.48) take the form

F” — 711—‘0123]:1/.

Substituting into the above equation ' = F + AF with the shift AF produced by the fermionic T-
duality as in (5.44), we see that the combined bosonic-fermionc T-duality leaves the RR fluxes invariant,
for example ¥’ "= I

The AdS; Metric

Consider the T-dualisation of the background metric and the dilaton. With our choice of the coset
element and corresponding AdS; x S? metric, the effect of applying T-duality along all d — 1 boundary
directions of AdSy on the line element on AdSy is

—(da)? + {7 dadat + Y007 dydy”

d82: 3 T
ly[?

d+1
2 i S dy"dy”
|y|2[_(d$0)2+zg:12dxzdxz] + Zr_ng Y

and the dilaton shift is
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AAdSq) = (d71)10g|y‘

We can return the metric to its original form by defining y™ = ¢"/|y| which sends

ly] = \/Zi: yryT — ﬁ Dualising along some torus directions has no effect on the metric or the
dilaton.

The S¢ Metric

In the exceptional cases AdSy x S% x S x T19=34 we also dualise along some directions of one of the

spheres: A, for d = 2, and A+ for d = 3. The effect on the line element on S¢, after the usual rescaling,

ds? — i{(d)\?’)Q + e?icda(d),)? _i_eQic/\g,(d)_)Q}
only for d=3
= 4 [(@r)? + e7HN (AN )2 4 2N (A )2
—_———

only for d=3

and we recover the original metric by defining Ay = —A3. The effect on the dilaton is

Agd = —i(d—1)chs + (d — 1)log 2. (5.49)

Finally, A 445 P+ Ag® cancels the fermionic dualitys shift in the dilaton, (5.43) (modulo the constant term
which can be ignored). Since the only contribution from the dilaton is as an overall factor multiplying the
action in the path integral, it will not affect the classical supergravity argument. In summary, we have
shown that the AdS; x S% x M1°~2¢ backgrounds with (d = 2,3,5) are invariant under the combined

fermionic-bosonic T-duality.

5.5 Summary

This chapter dealt with the less than maximally supersymmetric backgrounds in the same way that
AdSs x S5 was treated at the end of Chapter 4. Our goal was to establish T-self-duality for such
backgrounds with and without k-symmetry gauge fixing. To this end, we were successful. We showed
that the background AdSs x S3 x T* was self-dual without fixing s-symmetry gauge up to second order
in £, and argued the same was true up to highest (4th order) in . Furthermore, we showed that the
exceptional backgrounds AdS; x S x % x M19=34 (for d = 2,3) were self-dual in a gauge in which the

non-supercoset fermions were fixed to zero, either by hand or using x-symmetry.
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Part 1V

Summary and Conclusion
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Conclusion

An integrable system is one which is exactly solvable, that is, we can obtain explicit solutions. In
the context of string theory and field theory, there are an finite number of conserved charges. Here,
integrability implies that there is an associated infinite dimensional algebra. Consider AdSs x S° which
is integrable and dual to N' = 4 super Yang-Mills. The presence of integrability makes it reasonable to
expect that a complete solution for the spectrum of planar scattering amplitudes of AdSs x S° may be
obtained [21]. Similarly, this is the case for N' = 4 super Yang-Mills and its spectrum of dimensions of
the gauge invariant generators. Moreover, integrability is expected to be connected with self-duality in
the some way. This is not yet well understood [22]. Simply put, integrability places tight constraints on
a theory. We would like to see the conserved charges put to use to completely fix all amplitudes. In [26],
T-self-duality was used for the AdS5 case to construct classical solutions for open strings which were

related to strong coupling limits of gluon scattering amplitudes [21].

Duality is a desirable property, however, it is difficult to show in general. This is where integrability
supplements duality. Integrability, as mentioned already, imposes constraints on the theory. Therefore,
more integrability will impose more constraints. These constraints will be seen on both sides of the
duality. This is also difficult to show. T-duality has the advantage of being algorithmic. This means that

it is much easier to implement. In this thesis we have tried to connect the triangle:

Integrabilit

T-self-
duality

Figure 5.2: Triangle of the relationships between various concepts that we have studied.

The central conjecture made in this thesis may be given by the following statement: T-self-duality <=
integrability. This ‘if and only if’ statement was hinted at in [22], but, is this conjecture true for every
10-dimensional AdS-superstring background? Also, in [22], self-duality is proven to all orders in o’ for
the integrable background AdSs x S°. The proof was elegant, and AdSs x S® acts as the ideal laboratory.
However, our tests work out too well in this laboratory. With tests of generality looming regarding

our proposed conjecture, we face the question: Will our conjecture work for backgrounds with less than
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maximal supersymmetry? We needed to determine whether AdSs x S° was a unique case. Thus, we need
to break supersymmetry, systematically. Before moving on, we note that the proof of self-duality in [22]
was completed using a partially fixed k-symmetry gauge. In this thesis, based on the work in [36], we

prove that AdSs x S% is exactly self-dual without fixing k-symmetry at all.

Breaking a little supersymmetry to start, the next to maximally supersymmetric background we arrive
at is AdS,; x CP3. As is the case for the maximally supersymmetric AdSs x S® case, AdSy x CP? is
integrable in the planar limit [42]. Furthermore, there is a lot of evidence available which favours the
presence of dual superconformal symmetry. Thus, it seems likely that the background would be a good
candidate for our conjecture. However, the results are disappointing in this regard. AdS; x CP? is not
self-dual under a combined set of bosonic and fermionic T-duality. We can say that the background is
self-dual classically, but at the quantum level we are at a loss. This means that we cannot use the classical
self-duality of AdS; x CP? to account for the dual superconformal symmetry of ABJM [42]. This brings
us to a key question and its associated conjecture: “Why is AdSy x CP3 not self-dual, despite AdSs x S°
being self-dual?” It is odd that, for some reason, AdS,; x CP? fails the conjecture despite its many other

similarities to AdS5 x S® . Now we have the following logic.

The maximal case has the property that it is self-dual and integrable. However, when considering a
background with less supersymmetry like AdS; x CP3 | we find that it is not self-dual. We wanted to
test whether the absence of self-duality was as a result of AdS; x CP? possessing less than maximal
supersymmetry. The work covered in Chapters 3-5 addressed this question. We considered two classes of
backgrounds: AdSgxS¥xT10724 (d = 2,3) and AdSyxS¢xSIxT10~34 (d = 2,3). Both backgrounds have
less supersymmetry than AdS,; x CP? and we proved that they were all self-dual from the supergravity
and worldsheet perspectives. Therefore, our claim that AdS; x S x T19=24 (d = 2, 3) does not work due

to less supersymmetry was incorrect. Some other mechanism, which we do not yet understand, is at play.

Recently, O Colgain and Pittelli released a fascinating paper [42] dealing with issues surrounding the
self-duality of AdS,; x CP3. Interestingly, they showed that AdS; x CP? could not be self-dual using
either the supergravity or worldsheet approach. Irrespective of the chosen isometries, one encounters a
singularity in the dilaton shift. This results because the generators of the Lie algebra do not admit a
non-singular order-4 automorphism [42,45,47]. One might then decide to deform the background in such
a way that the supersymmetry is preserved, resulting in a new background in the process. This is done via
a T'sT transformation which involves a Tduality, then a shift (or translation), then a further T-duality.
However, as stated in [42], TsT transformations commute with fermionic T-duality. This means that
even though we change the background through deformation and without breaking supersymmetry, the

conclusion above still holds. This background is not self-dual.

These results preclude the AdS, x CP3 geometry from being self-dual based on fermionic T-duality.
However, a puzzling aspect remains despite this new knowledge. There is still a lot of evidence suggesting
that there should be a self-duality transformation at work, based on perturbative observations linked
to integrability. Thus, what we learn from this is that the T-duality transformations in [22] are not
responsible for the self-duality of supercosets represented by quotient groups or the TsT deformations of

their AdSs x S® case. This, despite AdSs x S° being integrable. Currently, an explanation eludes us.

Moving forward, there remain a number of outstanding questions. What is responsible for the correct
self-duality, i.e. what transformations do we require given the supposition that some sort of self-duality is

at play? Do we need to use complexified CP? coordinates? What happens when we consider non-trivial
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NSNS 2-forms? Evidently, even after nearly three decades of intense scrutiny, the idea of T-duality in
string remains as fruitful an area of research as ever. We look forward to exploring these and more ideas
further.
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Appendices
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Appendix A

Conventions

A.1 Pauli Matrices

The Pauli matrices are defined as

with the following algebra

0,0 = 51’]’1 + 2€ijk0k7

and the SU(2) generators are given by

such that
Te(t't) =69, [t',¢'] = ify/t* = iv2e 1",

A.2 Gamma Matrices

We follow the conventions laid out in [16,82]. Namely, we work with the 32 x 32 dimensional gamma

matrices which represent R with a mostly plus metric signature, (— + ...+). The Levi-Civita tensor is
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defined with €y, 9 = 1. The gamma matrices have the following structure

FO_ZU2®116_[1 0]7 IM=01®v _[

with (I'%)2 = —1 and (I'"™)? = 1. The 16 x 16 v matrices are as follows

N =0200%® 0@ o>
72202®1®01®02
B =021 @02
74:02®01®02®1
VP =0lodedael
,7620_2®0_2®1®0_1
VM =0?202®1®0°
P=0telelel

and the 8-dimensional chirality operator is given by

M=elelel.

These v are all real and symmetric. The charge conjugation matrix is C = I'’. Notice that T''! =

H9 ' = 63 ®144, which is the 10-dimensional chirality operator. The I'-matrices satisfy the following

m=0

algebra

{1—\0,7 Fb} — 2nab.

A.3 The Killing Spinor Equations

We arrive at the Killing spinor equations by requiring that the supersymmetry variations of the fermions

vanish.

A.3.1 Type ITIA String Theory

The Killing spinor variations for type ITA string theory are written in terms of the 32-component full

spinor E. The gravitino variation is
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1 1
_ (o} [
6B, = VinE — cHpuInE — 2o F oy DT B + 1926 Fuylm

and the dilatino variation is

(a¢ L T F(4))

A.3.2 Type IIB String Theory

Type IIB string theory contains fermions which are doublets of gravitini and dilatini, which have opposite
chirality. In this treatment, we choose the dilatini A and \ to have negative chirality, whilst the gravitini
1 and 1/; have positive chirality. The Killing spinors, or supersymmetry parameters, ¢ and € also have

positive chirality. Then the gravitino variations (in two-component form) are

1
0 =Vme — —H € —

¢ 1
1 (fF(l)JH}‘H(sJ)Jr1}%))F ¢

e
8
S =Vimé + H 6+e8 (F(1)—F(3)+ F(5))

and the dilatino variations (in two-component form) are

oA = — Ste+ & (2F ) + Fay) &

2 2
A 1., e®
S\ =dge + §H€ iy (2Fq) = Fa) e
where
F _ 1 F ]_'\ml...mn
(n) _E mi...Mmpy
1
=-Hppr I
W=

A.4 Hodge Duality

The Hodge duality conventions are such that on a p-form in D-dimensions

(*F Hp+1 UD — \/ |g €. MDFM] Hr.
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Note also that x x F, = s(—l)p(Dfl)Fp where s is the spacetime signature.
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Appendix B

D(2,1;a) Supercoset Currents

This appendix is taken directly from our paper [36].

Due to the structure (5.14) of the superalgebra 9(2, 1;¢?) and the chosen coset element (5.15), the coset

currents J(©) and J have the following components (see (5.19)):

I = [e7B(daP +d0°Qu + AN Ly)eP] . I =0, JY = [ePde”]
I = [P (deP +d6°Qu+ AN Le)e®] L I = 0 U = [e7Pae”]

D

+ Lz’
J](%Oa)ﬂ = [e*BdeB]Raﬂ , (B.1a)
0 _ r,—B a B (0) _ [a—Bg.B
Jo, = [e77(dzP 4+ d0°Qa + dA Ly e ]Qu’ JQQ = [e7Pde ]Qa’
0) _ (0) _ [,—Ba.B
Jg. =0, Jﬁa = [e de ]s‘a
and 0 0 0
R I N
Jp = I 402,006 I, = T +ice? 08¢
3
Jpo, = J}(-g?ﬁ is?o? J(O)f — 5820'2 o J(O)§5
0 0 0) rcv (Blb)
Jo. = I3 =apler Jg, = IO+ ape
Tk = =02 JO + 30 g = —c%iﬁJ@)gﬁ—ic?J(O)gQ,

Js, = —4IRer = 1a0er — i) ¢ v age - 1205

@

In these expressions, we have made all the &-dependence explicit.

Dual currents

The Maurer-Cartan form J = §—'dg constructed from the dual coset representative (5.26) is of the form

J = e e8"Qs j00"ag"Qs 4 518 qeaq,

~ ~ , . B.2
= JO — 518 ,62(85, O] — 12629818, [S5, O]} + 0P ode® Qs (B2)



APPENDIX B. D(2,1;«) SUPERCOSET CURRENTS 112

where, as before, J© does not depend on the fermonic coordinate £, and we have set £2 := iai ﬂgagﬁ .

A calculation similar to the one that led to (B.1) yields

JO =0, JQ = [ B(IK —i02*000.8s + AL )], T = [e7Bae],
T =0, I = PR — 10200, + D L)), T = [ Baet],

70)  _ [.—-Bj.B
Jpa, = le™Pde ]Ra,;’ (B.3a)
7(0) _ 70) _ [.—Bj.B
Jo. =0, JQQ = [e de ]Qa’
JY = [P (diK —i0**7d0,Ss + dA L )eP] T = [e7Pde],
and B ~ B ~ B ~
Je = IO Js, = IO, J = T2,
Jp = JO il g0 Ty = JO 4 el J0¢
J _ j(O) +32(01 j(O)_;&B ol j(O))gv
R Reg ay¥Sg 20 aTy8US; ’ (B.3b)
Jo. = IO w0t I Ty = T - oty i0e, |
Jp = —iaéﬁjg)jfﬁ — %j]gO}fQ , jL+ = —iczaéﬁjéi)éﬁ + %c2j}(?)§2 ,
Jo. = o' (3I0" + 30" +deP) —iot £, T) € + 52T
As before, in these expressions, we have made all the {-dependence explicit. Note that jg]) = J(g))7

jéo) = Jéo), ng) = JJ(DO), jg;) = Jg?, and J}fga = J}(%OB)Q, respectively.
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